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Abstract
Quantum Braid Dynamics (QBD) is a background-independent computational framework that derives

the continuous fabric of spacetime and quantum mechanics from a discrete causal substrate governed by a
dual logical-physical time architecture, irreflexivity, and acyclicity. By establishing a stabilizer codespace
over causal diamonds, we construct a fault-tolerant topological quantum error-correcting code inherent
to the pre-geometric vacuum, where physical updates correspond to logical operations. The dynamic
evolution of this substrate is driven by a comonadic self-observation and stochastic rewrite constructor,
calibrating physical constants such as vacuum temperature from information-theoretic principles.

Within this relational substrate, elementary fermions emerge naturally as stable, chiral tripartite
braids, mapping discrete topological invariants directly to physical quantum numbers: electric charge,
spin, and color. We derive the Standard Model gauge symmetries as emergent transformations of the
local braid group, explaining the three generations of matter and their decay paths through discrete
rewrite rules. Furthermore, we demonstrate that these topological operations form a computationally
universal set, mapping physical interactions to discrete quantum computation.

Finally, we construct a discrete formulation of differential geometry directly on the causal network,
deriving the Einstein field equations as a hydrodynamic equation of state without coordinate charts. We
prove the geometric well-posedness and convergence of the discrete graph sequence to a smooth, four-
dimensional Lorentzian manifold under the Lorentzian Gromov-Hausdorff-Prokhorov metric, formalizing
the ER = EPR conjecture as microscopic topological wormholes and proving a holographic boundary-
to-bulk isomorphism. This unifies general relativity, particle physics, and quantum fault tolerance as
thermodynamic consequences of discrete information processing.

Chapter 2: Constraints (Axioms)

Chapter 2: Constraints (Axioms)
We find ourselves possessing a graph substrate that is topologically rich but dynamically inert. Without
further instruction, a mere collection of points and lines allows for logical paradoxes, such as events that
act as their own ancestors or influences that circulate endlessly without producing change. To transform
this static web into a substrate capable of supporting physics, we must impose a set of inviolable rules that
forbid self-reference and enforce a strict causal order. We are seeking the logical machinery that prevents
the universe from collapsing into a tautology.

Our inquiry demands that we treat the causal link as a directed vector of influence, ensuring influence flows
only in one direction and preventing stalling or reversing into incoherence. If we allowed a pair of events to
influence each other simultaneously, we would destroy the distinction between cause and effect, collapsing
the timeline into a single, undefined moment. We require a mechanism that preserves the distinctness of
states, ensuring that the past is separated from the future by an impassable barrier of logic.

These constraints act as the legislative bedrock of our model, clamping down on the infinite degrees of
freedom available to the graph. By forbidding loops and enforcing asymmetry, we ensure that every update
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pushes the system forward, converting undirected potential into a structured history. We are not just drawing
shapes; we are defining the mechanical logic that permits the universe to become something new at every
step. We proceed now to codify these requirements into the three fundamental axioms that will govern all
subsequent evolution.

Preconditions and Goals

• Demonstrate independence through countermodels where one axiom holds and others fail.
• Verify cycle decomposition terminates at length 3 units linearly with parallel confluence.
• Expose how local primitives induce reflexive and asymmetric influences requiring global resolution.
• Confirm enforcement through local approximations with exponential error and logarithmic checks.
• Synthesize exclusions for unique constraints regarding arrows, quanta uniqueness, and strict partial

order.

2.1 Causal Primitive
We commence the structural definition of the universe by isolating the fundamental atom of physical relation,
the single causal link, which we define as a vector of inevitable influence to distinguish it from a static
geometric bond. The derivation of a physics capable of supporting the concept of becoming requires a
primitive that inherently distinguishes the origin of an action from its destination, thereby embedding the
thermodynamic arrow of time directly into the microscopic fabric of the graph. We are searching for a
directed operator that transforms the state of the universe from a condition of potentiality into a condition
of realized history without relying on a pre-existing background coordinate system to provide orientation.
This inquiry demands that we treat the edge as an active vector of becoming that drives the evolution of
the system from one moment to the next, ensuring that the topology itself encodes the passage of time.

The assumption of a symmetric bond as the fundamental unit generates a crystalline lattice of frozen relation-
ships where cause and effect are interchangeable variables and the evolution of state remains mathematically
undefined. Such a system destroys the distinction between the past and the future because it collapses the
timeline into an undirected mesh where no event can be said to precede another in any meaningful causal
sense. The graph devolves into a tautological web where information propagates in stagnant circles, lacking
the intrinsic gradient necessary to distinguish the source from the target and drive the computation forward.
A universe built on bidirectional connections lacks the asymmetry required to support entropy or information
processing, resulting in a static void incapable of supporting a history.

We resolve this foundational crisis by defining the causal primitive through the strict and inviolable con-
straints of irreflexivity and asymmetry to create a geometric arrow of time at the smallest possible scale
of existence. Mandating that every connection must distinguish source from target while forbidding any
event from influencing itself ensures that the graph evolves as a strict one-way street capable of supporting
irreversible processes. This establishes a logical ratchet mechanism at the absolute foundation of reality that
seeds the directionality required for the macroscopic flow of time and the eventual emergence of entropy.
By enforcing this directionality at the atomic level, we guarantee that the macroscopic universe inherits a
coherent temporal order that prevents the reversal of cause and effect.

2.1.1 Axiom 1: The Directed Causal Link

Establishment of the Directed Causal Link as the Fundamental Relational Unit by Irreflexivity
and Asymmetry

It is herein established that the fundamental unit of relation within the State Space and Graph Structure
shall be the Directed Causal Link, denoted as the ordered pair (𝑢, 𝑣), acting upon the set of Abstract
Events 𝑉 . The validity of the edge set 𝐸 ⊂ 𝑉 × 𝑉 is strictly conditioned upon the absolute satisfaction of
the following two invariant properties for all elements within the domain:
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1. Strict Irreflexivity: The relation shall not, under any circumstance, connect a vertex to itself. For
every vertex 𝑢 contained within the set 𝑉 , the edge (𝑢, 𝑢) is categorically excluded from the set 𝐸.
This prohibition enforces the requirement that no event may serve as its own causal antecedent.

2. Strict Asymmetry: The relation shall not permit immediate reciprocity. For every distinct pair of
vertices 𝑢 and 𝑣 contained within 𝑉 , the existence of the direct edge (𝑢, 𝑣) within 𝐸 necessitates the
absolute absence of the inverse edge (𝑣, 𝑢) from 𝐸. This prohibition enforces the local directionality of
causal influence.

The existence of an edge 𝑒 = (𝑢, 𝑣) constitutes the physical encoding of the proposition that event 𝑢 acts as
the necessary causal antecedent of event 𝑣 within the local reference frame.

2.1.2 Commentary: Physics of Directionality

Derivation of Temporal Directionality from the Topological Rejection of Inertia and Simul-
taneity

The selection of a strictly directed and irreflexive primitive constitutes the foundational requirement for
modeling a universe of becoming (dynamic evolution) rather than a universe of being (static existence).
This distinction aligns directly with the Causal Set program initiated by (Bombelli et al., 1987), which posits
that the causal order is the primary structure of spacetime, antecedent to metric geometry. However, while
Causal Set Theory often assumes the partial order as a given, QBD constructs it mechanically from the
edge primitive. In classical crystallography or standard network theory, an undirected edge {𝑢, 𝑣} signifies a
mutual and persistent bond, a state of structural equilibrium where the relationship exists simultaneously for
both nodes. However, a theory of fundamental causality requires a mechanism to drive the system strictly
out of equilibrium. If the fundamental relations were symmetric, the system would settle into a static lattice.
By enforcing directionality, we compel the system to compute its own future.

The Rejection of Inertia (Irreflexivity) serves as the topological enforcement of fundamental change.
A reflexive link 𝑢 → 𝑢 represents a “closed loop of zero length,” a pathological process wherein the output
of an event instantaneously feeds back into its own input without traversing any distance in the causal
graph. Such a structure models a state of pure inertia or solipsism, decoupling the event from the rest of
the relational web. In a universe governed by information transfer, a state that only communicates with
itself is thermodynamically indistinguishable from a state that does not exist. By axiomatically forbidding
𝑢 → 𝑢, the theory mandates that existence requires interaction with the external. An event cannot sustain
itself through internal recurrence: it must derive its existence from a distinct antecedent and contribute its
influence to a distinct consequent. This constraint effectively “hard-codes” the flow of time into the topology:
the system must move to persist.

The Rejection of Simultaneity (Asymmetry) serves as the microscopic seed of the macroscopic arrow
of time. If the substrate permitted symmetric relations (where 𝑢 → 𝑣 and 𝑣 → 𝑢 coexist), the distinction
between “cause” and “effect” would vanish within that local neighborhood. This would collapse the temporal
separation between 𝑢 and 𝑣 into a single simultaneous cluster, effectively reducing the causal graph to a rigid
and undirected lattice akin to a spatial crystal. The imposition of strict asymmetry creates a local potential
gradient. It ensures that every elementary interaction acts as a “ratchet,” permitting influence to propagate
in only one direction. This atomic directionality, resonating with (Sorkin, 2005)’s definition of discrete
gravity, prevents the system from stagnating in reversible loops and provides the necessary thrust for the
emergence of a global and irreversible causal order.

2.1.Z Implications and Synthesis

Axiom 1: The Causal Primitive

The directed causal link establishes the fundamental asymmetry of the universe, enforcing that influence
propagates as an irreversible vector rather than a static bond. Irreflexivity prohibits events from causing
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themselves, eliminating the possibility of causal stagnation, while asymmetry ensures that no pair of events
can influence each other simultaneously. These constraints physically encode the arrow of time at the atomic
level, mandating that every connection contributes to a net displacement in the relational landscape.

This shifts the ontology from a lattice of “being” to a network of “becoming,” where the structure of the graph
itself enforces the distinction between past and future. By forbidding instantaneous loops and self-reference,
we ensure that the system cannot become trapped in tautological states, compelling it to evolve through
interaction with distinct elements. This mechanism prevents the universe from freezing into a crystalline
block, guaranteeing that history is a dynamic process of accumulation rather than a static arrangement.

The imposition of strict directionality drives the system relentlessly forward, ensuring that every update
advances the causal order without the possibility of reversal. This microscopic irreversibility is the root of
all macroscopic thermodynamics, establishing that the universe is not a reversible machine but a generative
process that consumes logical potential to produce history. By locking the arrow of time into the definition
of the edge itself, we render the concept of a “rewind” physically meaningless, as the topological structure
that defines the present exists only as a consequence of the directed momentum of the past.

2.2 Antisymmetry
We confront a critical deficiency in standard mathematical order theory where the condition of antisymmetry
fails to enforce the demands of constructive physical causality required for a dynamic universe. The math-
ematical definition of antisymmetry successfully blocks mutual edges between distinct vertices yet creates
a fatal loophole for structures that simulate activity while remaining state-invariant by permitting events
to serve as their own antecedents. This mathematical permission structure allows for a universe populated
by solipsistic loops where an entity requires no antecedent other than itself, violating the fundamental re-
quirement that existence must be derived from interaction with the external world. We must recognize that
mathematical consistency does not always equate to physical viability, especially when dealing with the
generation of time itself.

Allowing such self-loops introduces inertial components into the computational engine of the universe because
they create spinning wheels that consume logical resources and connectivity without generating thermody-
namic progress. A physical system governed by such permissive rules risks stagnation by wasting its finite
potential on echoes that return immediately to the source without affecting the broader environment or
advancing the state of the world. These inert cycles effectively decouple from the causal history and render
the passage of time locally meaningless for those isolated elements by trapping them in a state of permanent
recursion where the output is identical to the input. We cannot tolerate a physics that permits parts of the
universe to opt out of the flow of time.

We expose this theoretical vulnerability to justify the imposition of a stricter constraint by abandoning the
permissive condition of antisymmetry in favor of absolute irreflexivity to guarantee motion. This prohibition
ensures that every causal link bridges a gap between distinct states and guarantees that the passage of logical
time correlates with the generation of new information and the propagation of influence across the graph.
Closing the loophole of self-reference forces the universe to be purely relational where existence is defined
solely by the capacity to affect something other than oneself, driving the system relentlessly toward novelty.
This ensures that the universe is a machine that must move forward to exist at all.
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2.2.1 Theorem: Insufficiency of Antisymmetry

Non-Equivalence between Antisymmetry and Irreflexivity through the Permissibility of Self-
Loops

We formally establish that the mathematical condition of Antisymmetry, conventionally defined by the
proposition ∀𝑢, 𝑣 ∈ 𝑉 ∶ ((𝑢, 𝑣) ∈ 𝐸 ∧ (𝑣, 𝑢) ∈ 𝐸) ⟹ 𝑢 = 𝑣, is formally insufficient to satisfy the
requirements of the Directed Causal Link . The condition of Antisymmetry is satisfied vacuously by the
reflexive relation (𝑢, 𝑢), whereas the Causal Primitive mandates Strict Irreflexivity. Consequently, a causal
structure governed solely by the condition of Antisymmetry physically permits the existence of Directed
Cycles of length 𝑘 = 1, which are prohibited otherwise.

2.2.1.1 Commentary: Argument Outline

Structure of the Insufficiency of Antisymmetry Argument via Topological Identification, Ther-
modynamic Nullity, and Counter-Model Construction

The proof proceeds via Direct Construction, identifying a topological loop-defect and demonstrating its
physical and thermodynamic inadmissibility.

1. Pathology of Self-Loops : The argument establishes that a reflexive edge is topologically identical
to a directed cycle of length one, proving that any relation permitting reflexivity violates acyclicity.

2. The Thermodynamic Nullity : The argument quantifies the information content of reflexive edges,
demonstrating that a self-loop contributes exactly zero to the path entropy, which renders the structure
physically inert and incapable of recording history.

3. Insufficiency of Antisymmetry : The argument constructs a formal model that satisfies mathemat-
ical antisymmetry yet fails causal validity, establishing the absolute necessity of irreflexivity.

2.2.1.2 Diagram: Ordering Constraints

Visual Comparison of Ordering Constraints highlighting the Inertia of Self-Loops

+-----------------------------------------------------------------------+
| THE THERMODYNAMIC FAILURE OF REFLEXIVITY |
+-----------------------------------------------------------------------+

SCENARIO A: THE CAUSAL LINK (Valid) SCENARIO B: THE SELF-LOOP (Invalid)
"State A differs from State B" "State A differs from... State A?"

[ State A ] [ State A ]
| | ^
| (Information Transfer) | | (No Transfer)
v v |

[ State B ] +-+

ANALYSIS: ANALYSIS:
1. Relation: u != v 1. Relation: u == u
2. Delta S > 0 (Entropy increases) 2. Delta S = 0 (Entropy static)
3. Result: Time Advances 3. Result: Logic Stalls

VERDICT: ALLOWED VERDICT: FORBIDDEN
(Axiom 1 Enforced) (Axiom 1 Violation)
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2.2.2 Lemma: Pathology of Self-Loops

Classification of Reflexive Edges as Directed Cycles of Length One

Let 𝑒 = (𝑢, 𝑢) denote a self-loop incident to a vertex 𝑢. Then this structure constitutes a directed cycle of
length 𝑘 = 1 cycle definitions , a configuration excluded by Fundamental Graph Structures .

2.2.2.1 Proof: Pathology of Self-Loops

Verification of the Cycle Definition for Length One

I. The Generalized Cycle Definition

Let a directed cycle of length 𝑘 be defined as a sequence of vertices 𝐶𝑘 = (𝑣0, 𝑣1, … , 𝑣𝑘) satisfying conditions
two :

1. Connectivity: ∀𝑖 ∈ {0, … , 𝑘 − 1}, (𝑣𝑖, 𝑣𝑖+1) ∈ 𝐸
2. Closure: 𝑣0 = 𝑣𝑘

II. Sequence Mapping

Let 𝑒𝑙𝑜𝑜𝑝 = (𝑢, 𝑢) ∈ 𝐸 denote a self-loop incident to vertex 𝑢. We construct a sequence 𝑆 from this structure:

𝑆 = (𝑣0, 𝑣1)

where 𝑣0 = 𝑢 and 𝑣1 = 𝑢.
III. Verification of Criteria

The sequence 𝑆 satisfies the topological criteria for a cycle:

1. Length: The sequence has length 𝑘 = 1.
2. Connectivity: The pair (𝑣0, 𝑣1) corresponds to the edge (𝑢, 𝑢). Since (𝑢, 𝑢) ∈ 𝐸, the connectivity

condition holds.
3. Closure: The endpoints satisfy 𝑣0 = 𝑢 and 𝑣1 = 𝑢, establishing 𝑣0 = 𝑣1.

IV. Conclusion

The self-loop 𝑒𝑙𝑜𝑜𝑝 satisfies the definition of a directed cycle 𝐶1. We conclude that the existence of such an
edge violates the acyclicity condition required for a valid **history causal valid.

Q.E.D.

2.2.2.2 Commentary: Atomic Violation

Identification of Self-Loops as the Primordial Violation of Causal Acyclicity

While a macroscopic cycle represents a complex paradox involving the history of multiple events (a grand-
father paradox distributed across time), the self-loop represents the atomic unit of causal paradox. It
constitutes the minimal possible violation of the Directed Acyclic Graph structure, a singularity where the
causal horizon collapses onto a single point.

Permission of self-loops equates to the permission of closed timelike curves of zero radius (𝑟 = 0). In general
relativity, a closed timelike curve allows an observer to influence their own past. In the discrete causal
graph, the edge 𝑢 → 𝑢 asserts that the event 𝑢 is its own cause. This violation destroys the global partial
ordering of the graph, which is the mathematical backbone of causality. Consider the implications for the
depth function 𝑑(𝑢), which assigns a value to every event based on its distance from the root. In a valid
causal history, every step must increase this depth (𝑑(𝑣) > 𝑑(𝑢)). If a self-loop exists at 𝑢, we are forced into
the contradiction 𝑑(𝑢) > 𝑑(𝑢). Physically, this creates a trap: the system can traverse the loop indefinitely
without advancing in logical time. This creates a singularity in the causal history, strictly preventing the
rigorous definition of a “before” and “after” for that locality.
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2.2.2.3 Diagram: Inertia of Self-Loops

Visualization of Information Stasis due to the Absence of Relational Transfer

THE INERTIA OF SELF-LOOPS
-------------------------

1. The Causal Link (Axiom 1) 2. The Self-Loop (Pathology)
(Information Transfer) (Information Stasis)

[ State A ]----->[ State B ] [ State A ]--+
^ ^ |
| | |

Effective Ineffective |
Entropy > 0 Entropy = 0 |

^ |
|________|

PHYSICAL VERDICT:
State 1 drives the Sequencer forward.
State 2 consumes a logical tick but produces no change.
Therefore, u -> u must be explicitly forbidden.

2.2.3 Lemma: Thermodynamic Nullity

Nullity of Entropic Contribution from Reflexive Relations

Let Ω(𝐺) denote the cardinality of the set of simple paths connecting distinct vertices in a graph 𝐺. Then
the path ensemble remains invariant under the addition of a self-loop, Ω(𝐺′) = Ω(𝐺), and the associated
entropic contribution Δ𝑆 is zero.

2.2.3.1 Proof: Thermodynamic Nullity

Formal Derivation of Invariance in the Path Ensemble

I. Definition of the Configuration Space

Let Ω(𝐺) denote the cardinality of the set of simple directed paths between distinct vertices 𝑢, 𝑣. A simple
path is defined strictly as a sequence of vertices containing no repetitions.

Ω(𝐺) = |{𝜋𝑢𝑣 ∣ 𝑢 ≠ 𝑣, 𝜋 is simple}|

II. Structural Analysis of Self-Loops

Let 𝒯𝑠𝑒𝑙𝑓 denote the operation adding a self-loop 𝑒 = (𝑥, 𝑥) to the graph 𝐺, yielding 𝐺′. Any candidate
path 𝜋′ in 𝐺′ that traverses 𝑒 necessarily contains the subsequence (𝑥, 𝑥). This repetition of the vertex 𝑥
violates the definition of a simple path. It follows that no valid simple path utilizes the self-loop edge.

𝜋′ ∉ Ω(𝐺′) ⟹ Ω(𝐺′) = Ω(𝐺)

III. Calculation of Entropy Change

The entropic contribution of the operation is defined by the Boltzmann formulation:

Δ𝑆 = 𝑘𝐵 ln(Ω(𝐺′)
Ω(𝐺) )
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Substitution of the invariance equality into the expression yields:

Δ𝑆 = 𝑘𝐵 ln(1)

The logarithm of unity implies the vanishing of the term:

Δ𝑆 = 0

IV. Conclusion

The addition of a self-loop preserves the cardinality of the simple path ensemble. We conclude that the
entropic contribution of a reflexive edge is identically zero.

Q.E.D.

2.2.3.2 Commentary: Entropic Barrenness

Requirement of Relational Difference for Information Generation

Information (within a strictly relational universe) is defined by the correlation between distinct partitions
of the system. A valid causal link 𝑢 → 𝑣 generates information precisely because it correlates the state of
one entity (𝑢) with the state of a different entity (𝑣), thereby reducing the uncertainty of 𝑣 conditional on 𝑢.
This reduction of uncertainty is the essence of physical structure.

In contrast, a self-loop 𝑢 → 𝑢 attempts to correlate an entity with itself. In the framework of information
theory, this constitutes a tautology. The mutual information of a variable with itself is simply its self-entropy;
it provides no new data about the relational structure of the universe. The link 𝑢 → 𝑢 adds no constraint to
the rest of the system and establishes no relationship between the vertex 𝑢 and the broader graph topology.
It functions solipsistically, consuming a logical index without participating in the web of cause and effect.

Consider the thermodynamic implications: the addition of arbitrary quantities of self-loops to a graph in-
creases the raw edge count but leaves the complexity of the relational web strictly unchanged. It contributes
nothing to the emergent geometry because geometry is the study of relations between distinct points. There-
fore, self-loops qualify as thermodynamically null. They represent “junk data” in the causal substrate:
mathematical artifacts that carry no physical weight. By excluding them via the Irreflexivity axiom, the
theory adheres to a rigorous principle of parsimony: the physical ontology admits no elements that remain
invisible to the thermodynamic evolution of the system.

2.2.4 Proof: Insufficiency of Antisymmetry

Insufficiency of Antisymmetry

I. The Mathematical Condition Let the axiom of Antisymmetry be defined by the standard order-
theoretic implication:

∀𝑢, 𝑣 ∈ 𝑉 , ((𝑢, 𝑣) ∈ 𝐸 ∧ (𝑣, 𝑢) ∈ 𝐸) ⟹ 𝑢 = 𝑣
This condition operates as a conditional restraint. Crucially, it is verified definitionally to permit the existence
of a reflexive edge 𝑒 = (𝑢, 𝑢), as the consequent of the implication (𝑢 = 𝑢) holds true, rendering the statement
valid regardless of the edge’s existence.

II. The Constraint Chain The physical admissibility of such a reflexive structure is evaluated against the
foundational requirements of the theory:

1. Pathology of Self-Loops : It is established that a reflexive edge 𝑒 = (𝑢, 𝑢) constitutes a directed
cycle of length 𝑘 = 1. The existence of such a structure stands in direct violation of the Global
Acyclicity requirement, which is essential for defining a valid causal history.
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2. Thermodynamic Nullity : It is established that the addition of a self-loop yields a net entropic gain
of exactly zero (Δ𝑆 = 0). This occurs because the relation fails to distinguish the vertex from itself
or establish a correlation between distinct entities. The operation consumes a unit of logical time 𝑡𝐿
without generating distinguishable information, thereby violating the requirement for effective physical
evolution.

III. Convergence A causal system governed solely by the condition of Antisymmetry is verified definition-
ally to permit the formation of states (self-loops) that are both topologically cyclic and thermodynamically
vacuous.

IV. Formal Conclusion The condition of Antisymmetry is verified to be formally insufficient to enforce
causal validity. The stricter axiom of Irreflexivity (∀𝑢, (𝑢, 𝑢) ∉ 𝐸) is required to explicitly and categorically
exclude the domain of validity for self-loops, thereby ensuring that all causal links establish a relation between
distinct entities.

Q.E.D.

2.2.5 Type-Theoretic Validation via Lean 4 Core

Insufficiency of Antisymmetry

-- Define the core universe of abstract events as a Type
variable (V : Type)

-- A Causal Relation is a binary predicate mapping a pair of events to a Proposition
def CausalRelation := V -> V -> Prop

-- Standard mathematical partial order constraint (Antisymmetry)
def IsAntisymmetric (R : CausalRelation V) : Prop :=

? u v : V, R u v -> R v u -> u = v

-- Irreflexivity predicate
def IsIrreflexive (R : CausalRelation V) : Prop :=

? v : V, ? R v v

/--
Typeclass enforcing the strict properties of a valid QBD Causal Primitive.
Notice that we enforce Strict Irreflexivity and Asymmetry explicitly.
-/
class AdmissibleCausalGraph (R : CausalRelation V) where

irreflexive : IsIrreflexive V R
asymmetric : ? u v : V, R u v -> ? R v u

/--
THEOREM: Insufficiency of Antisymmetry
Formally demonstrates that order-theoretic antisymmetry is physically insufficient
for a theory of becoming because it vacuously permits length-1 self-loops.
-/
theorem antisymmetry_insufficient : ? (V : Type) (R : CausalRelation V), IsAntisymmetric V R ? ? (IsIrreflexive V R) := by

refine <Bool, Eq, ?_, ?_>
- intro u v h1 _

exact h1
- intro h_irref

exact h_irref true rfl
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2.2.6 Commentary: Loophole of Equality

Critique of the Permission Structure for Inert Echoes within Standard Antisymmetry

In the domains of abstract algebra and order theory, partial orders are typically defined by reflexivity, anti-
symmetry, and transitivity. This convention functions effectively for static sets where an element inherently
relates to itself via the identity map. However, in the context of a dynamical physical theory, the edge 𝑢 → 𝑣
represents a process of active transmission or transformation rather than a static state of comparison.

The theorem formally exposes a specific logical “loophole” inherent in the standard definition of antisymmetry.
The condition states that if 𝑢 → 𝑣 and 𝑣 → 𝑢, then 𝑢 must equal 𝑣. This functions as a filter against mutual
influence only when the interacting entities differ (𝑢 ≠ 𝑣). However, the implication 𝑢 = 𝑣 acts as a
permission structure. It tacitly asserts that if mutual influence occurs, the actors must be identical. In a
causal graph, this permission sanctions a process wherein the input serves simultaneously as the output at
the identical instant: a state of existence that requires no antecedent other than itself.

This permission generates a universe populated by “inert echoes.” A vertex possessing a self-loop satisfies the
mathematical constraints of antisymmetry, yet it fails the physical requirement of propagation. It consumes
logical time without generating state evolution. To construct a universe capable of genuine evolution, the
theory must strictly close this loophole. The requirement is not merely that mutual influence implies identity,
but rather that mutual influence is impossible and that identity does not imply a causal connection. Thus,
Axiom 1 must strictly enforce irreflexivity, systematically rejecting the permission structure granted by
standard mathematical antisymmetry. This insufficiency is verified constructively in the Lean 4 proof of
Insufficiency of Antisymmetry by instantiating the reflexive equality relation over a boolean domain to
demonstrate that antisymmetry vacuously permits self-loops.

2.2.Z Implications and Synthesis

Antisymmetry

Mathematical antisymmetry is proven insufficient for physical causality because it permits self-loops that
masquerade as valid relations while contributing zero thermodynamic progress. These loops satisfy the for-
mal condition of non-reciprocity only because the source and target are identical, creating pockets of causal
inertia where logical time passes without state evolution. By allowing events to be their own antecedents,
antisymmetry creates a permission structure for solipsistic existence that decouples from the external uni-
verse.

This realization forces the adoption of strict irreflexivity, redefining physical existence as inherently relational
and interactive. A universe governed by simple antisymmetry would be cluttered with inert debris, ghostly
loops that consume resources but generate no history, whereas irreflexivity purges these artifacts, ensuring
that every valid edge represents a genuine transfer of information between distinct entities. This cleans the
ontology, demanding that to exist is to affect something else.

By closing the loophole of self-reference, we guarantee that the causal graph remains thermodynamically
active, preventing the formation of informational sinks that would stall the evolution of the cosmos. This
mandate ensures that every quantum of logical time must purchase a quantum of relational change, enforcing
a strict efficiency on the computational substrate. There can be no idle cycles in the engine of reality;
the universe is forbidden from stuttering in place, ensuring that existence is synonymous with continuous,
relational transformation.
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2.3 Geometric Constructibility
The immense combinatorial freedom of a raw causal graph presents a severe structural hazard because we
must restrict how influence propagates to ensure that the universe builds itself out of coherent and indivisible
units. Allowing connections to form randomly across the network generates a topology lacking the stable
properties of distance and area required for the emergence of geometry and results in a featureless fog
of relations. We must identify a constructive mechanism that weaves the raw threads of causality into a
fabric capable of supporting dimensions and converts a chaotic tangle of relations into a structured manifold.
Without such a mechanism, we are left with a system that has no defined scale or locality, rendering the
emergence of physical laws impossible.

In the absence of a channeling mechanism to govern the formation of new links, the graph naturally devolves
into a chaotic tangle where the concepts of near and far fluctuate wildly with every update cycle. This
lack of structural discipline prevents the formation of a consistent vacuum and leaves a fluid substrate
capable of supporting neither persistent objects nor meaningful spatial dimensions or coordinate systems.
Information leaks across arbitrary shortcuts and destroys the locality that is essential for physical laws to
operate consistently across different regions of the universe. We must prevent the universe from becoming a
small-world network where every point is adjacent to every other point.

We solve this by imposing the axiom of geometric constructibility to mandate that space assembles exclusively
through the closure of minimal 3-cycles while simultaneously blocking redundant paths via the principle of
unique causality. This positive constraint forces the graph to tessellate into a lattice of fundamental triangular
units that effectively defines the pixel of our reality and ensures the universe is constructed from discrete
quanta. Coupling this with the negative constraint of path uniqueness ensures that the resulting geometry
is both granular and efficient to construct a sparse and dimensional vacuum. This dual approach provides
the rigidity necessary for a metric space to emerge from a topological web.

2.3.1 Axiom 2: Geometric Constructibility

Restriction of Topological Evolution to Geometric Quanta and Unique Paths by Positive and
Negative Constraints

The kinematic admissibility of any transformation 𝐺 → 𝐺′ involving the addition of an edge is restricted by
the following two complementary clauses:

1. Clause A (Positive Construction): The formation of closed topological structures is restricted
exclusively to Geometric Quanta, defined as Directed 3-Cycles . The closure of a causal loop is
permissible if and only if the resulting path sequence has a length of exactly 𝐿 = 3.

2. Clause B (Negative Constraint): The construction must adhere to the Principle of Unique
Causality (PUC). The instantiation of a return edge (𝑢, 𝑣) is prohibited if there already exists an
alternative Simple Directed Path from 𝑣 to 𝑢 of length ℓ ≤ 2 within the graph 𝐺.

2.3.1.1 Commentary: Argument Outline

Structure of the Geometric Constructibility Argument via Quantum Definition, Sparsity Con-
straints, and Potential Metrics

The proof proceeds via Direct Construction, separating the generative capacity of the graph from its restric-
tive bounds to establish a well-founded metric topology.

1. Geometric Quantum : The argument establishes the directed three-cycle as the geometric quantum,
deriving its necessity from the failure of shorter loops to preserve the causal flow of time.

2. Unique Causality (PUC) : The argument enforces the Principle of Unique Causality as a structural
filter, prohibiting redundant connections to prevent the collapse of the metric space into a small-world
network.
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3. Lexicographic Potential : The argument instantiates the lexicographic potential to quantify struc-
tural complexity, providing the ordering metric required to prove that dynamical rules drive the system
toward the simplicial limit.

2.3.2 Lemma: Geometric Quantum

Minimal Closed Cycle Compatible with the Causal Primitive

Let the Geometric Quantum 𝛾 denote the subgraph induced by the ordered triplet of vertices (𝑢, 𝑣, 𝑤) such
that the edge set contains exactly {(𝑢, 𝑣), (𝑣, 𝑤), (𝑤, 𝑢)}. Then this structure constitutes the minimal closed
cycle compatible with the Directed Causal Link , excluding cycles of length 1 and 2, and the set of all
𝛾 ⊂ 𝐺 constitutes the basis for emergent spatial area.

2.3.2.1 Proof: Geometric Quantum

Derivation of the Minimal Stable Cycle Length via Elimination of Forbidden Lower Orders

I. Cycle Length Domain

Let 𝐿 denote the length of a directed cycle 𝐶𝐿, analyzed for 𝐿 ∈ ℕ≥1.

II. Elimination of Lower Orders

The case 𝐿 = 1 implies an edge 𝑒 = (𝑢, 𝑢). This configuration is excluded by the irreflexivity axiom :

(𝑢, 𝑢) ∉ 𝐸 ⟹ 𝐿 ≠ 1

The case 𝐿 = 2 implies edges 𝑒1 = (𝑢, 𝑣) and 𝑒2 = (𝑣, 𝑢) with 𝑢 ≠ 𝑣. This configuration is excluded by the
irreflexivity axiom :

(𝑢, 𝑣) ∈ 𝐸 ⟹ (𝑣, 𝑢) ∉ 𝐸 ⟹ 𝐿 ≠ 2

III. Verification of the 3-Cycle

A cycle of length 3 involves distinct vertices 𝑢, 𝑣, 𝑤 and edges 𝐸𝐶 = {(𝑢, 𝑣), (𝑣, 𝑤), (𝑤, 𝑢)}.
1. Irreflexivity: The condition 𝑢 ≠ 𝑣 ≠ 𝑤 holds, ensuring no self-loops.
2. Asymmetry: The set contains no reciprocal pairs (e.g., (𝑣, 𝑢) ∉ 𝐸𝐶).

IV. Conclusion

The integer 𝐿 = 3 is the minimal length satisfying the Causal Primitive.

𝐿𝑚𝑖𝑛 = 3

Q.E.D.

2.3.2.2 Commentary: Necessity of Three

Identification of the 3-Cycle as the First Stable Closure permitting Feedback without Simul-
taneity

The integer 3 represents the fundamental topological limit for causal closure. It constitutes the first structure
capable of closing a causal loop without violating the logical constraints of time and causality. This mirrors
the findings of (Ambjorn, Jurkiewicz, & Loll, 2005) in Causal Dynamical Triangulations (CDT), where
spacetime is constructed from simplicial building blocks (triangles in 2D, tetrahedra in 3D) that respect a
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strict causal foliation. In both QBD and CDT, the triangle is not just a shape but the atom of geometry, the
minimal unit required to define an “interior” and thus generate manifold-like properties from discrete data.

Structures of length 1 and 2 imply logical contradictions within a directed causal framework. As established,
the self-loop (length 1) implies self-creation: a violation of the causal demand for antecedence. The feedback
loop (length 2) implies simultaneity: if 𝐴 causes 𝐵 and 𝐵 causes 𝐴, the temporal interval between them
vanishes, collapsing them into a single event. The 3-cycle, however, permits feedback (a return to the origin)
while preserving local directionality. In the sequence 𝐴 → 𝐵 → 𝐶 → 𝐴, event 𝐴 precedes 𝐵, 𝐵 precedes 𝐶,
and 𝐶 precedes 𝐴. Locally, every link maintains a strict forward orientation in logical time. The paradox of
the loop is distributed across three events, creating a structure possessing an “interior” or area rather than
a singularity. The triangle functions as the unique topological solution to the problem of creating a closed
structure (a persistent object) from directed arrows of influence. Importantly, this spatial directed 3-cycle
(𝐴 → 𝐵 → 𝐶 → 𝐴) is a structural motif within the Spatial State Graph 𝐺𝑡 representing spatial adjacency
and area. Because the timeline of global physical updates is governed by a strict Causal Poset of Events (),
the spatial loop does not constitute a chronological loop of events, allowing spatial triangles to form while
the history remains a strict Directed Acyclic Graph (DAG) under Acyclic Effective Causality .

2.3.2.3 Diagram: Loop Hierarchy

Hierarchy of Causal Closures illustrating the Transition from Forbidden to Permitted Struc-
tures

1. THE SELF-LOOP (Length 1)
[ u ]--<--+ STATUS: FORBIDDEN (Axiom 1)
|_________| Reason: Violation of Irreflexivity.

2. THE FEEDBACK (Length 2)
[ u ] ------> [ v ]
[ u ] <------ [ v ]

STATUS: FORBIDDEN (Axiom 1 / Asymmetry)
Reason: Instantaneous Mutual Causality.

3. THE CLOSURE (Length 3)
[ v ]
/ \ STATUS: PERMITTED (Axiom 2)

/ \ Reason: Smallest structure permitting
[ u ]-----[ w ] feedback without simultaneity.

"The Geometric Quantum"

2.3.3 Principle: Unique Causality (PUC)

Prohibition of Causal Redundancy under the Sparsity Constraint on Local Paths

Let Πℓ≤2(𝑢, 𝑣) denote the set of all Simple Directed Paths originating at 𝑢 and terminating at 𝑣 with a
path length strictly less than or equal to 2. The operation 𝔗𝑎𝑑𝑑(𝑢, 𝑣) defined in Vacuum Repertoire is
admissible if and only if the cardinality of this set is zero, and is excluded otherwise.

2.3.3.1 Commentary: Pseudocode for PUC Check

Operational Implementation of the Uniqueness Constraint via Local Algorithmic Query

The following algorithm operationalizes the Principle of Unique Causality. It functions as a local query,
verifying that the addition of an edge does not duplicate an existing short-range path. This check runs in
𝑂(deg) time, ensuring scalability.
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def is_permissible(G, v, w, u):
"""
Checks if adding edge (u,v) to close the 2-path v->w->u is valid.
Constraint: No other path of length <= 2 may exist between v and u.
"""
# 1. Check for Direct Path (Length 1)
if G.has_edge(v, u):

return False # Forbidden: Cloning a direct link

# 2. Check for Alternative 2-Paths (Length 2)
# Scan neighbors of v to see if any connect to u (other than w)
for x in G.successors(v):

if x != w and G.has_edge(x, u):
return False # Forbidden: Cloning an existing 2-path

# 3. Path is Unique
return True

2.3.3.2 Proof: Redundancy Exclusion

Formal Derivation of Path Uniqueness from the Principle of Informational Parsimony

I. Initial State

Let 𝐺 be a graph containing a mediated path between 𝑢 and 𝑣.

𝑃1 = (𝑢, 𝑤, 𝑣) ⟹ (𝑢, 𝑤) ∈ 𝐸 ∧ (𝑤, 𝑣) ∈ 𝐸

The set of paths of length ≤ 2 satisfies the non-empty condition:

|Π≤2(𝑢, 𝑣)| ≥ 1

II. The Proposed Operation

The proposed operation adds the direct edge 𝑒 = (𝑢, 𝑣). This creates a new path 𝑃2 = (𝑢, 𝑣) of length 1.

III. Information Analysis

1. Path 𝑃1: Encodes the causal relation 𝑢 ≺ 𝑣 via 𝑤.
2. Path 𝑃2: Encodes the causal relation 𝑢 ≺ 𝑣 directly.
3. Result: The bit “𝑢 precedes 𝑣” is encoded twice in the local topology.

IV. Constraint Application

The Principle of Unique Causality (PUC) forbids edge addition if a path of length ≤ 2 already exists.

• Condition: |Π≤2(𝑢, 𝑣)| ≥ 1
• Action: 𝔗𝑎𝑑𝑑(𝑢, 𝑣) is Forbidden

V. Conclusion

The existence of the mediated path 𝑃1 physically precludes the formation of the direct path 𝑃2. The topology
enforces informational parsimony.

Q.E.D.
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2.3.3.3 Commentary: No-Cloning of History

Preservation of Informational Integrity established by the Topological Analog of No-Cloning

The Principle of Unique Causality (PUC) constitutes the topological analog of the Quantum No-Cloning
Theorem. In a causal graph, a path from 𝑢 to 𝑣 represents a specific transmission of causal information; a
lineage. The existence of a mediated path 𝑢 → 𝑤 → 𝑣 implies that the influence of 𝑢 reaches 𝑣 via the history
of 𝑤. The addition of a second, direct path (an edge 𝑢 → 𝑣) creates a clone of this causal relationship. It
introduces a fundamental ambiguity regarding the provenance of information at 𝑣; did the signal arrive via
the mediated history or the direct injection?

The Limits of Locality: It is critical to note that PUC enforces uniqueness only for local paths (ℓ ≤ 2).
It does not prevent the formation of larger cycles or global paradoxes, such as the “Bowtie Paradox” (two
disjoint paths forming a mutual influence loop at a distance). While PUC prevents the local cloning of
edges (ensuring that the local metric does not collapse into a trivial connectivity), it cannot police the global
topology. The resolution of global causal consistency requires the stronger, transitive constraint of Axiom 3
(Acyclic Effective Causality). The PUC ensures the graph remains sparse and intelligible at the micro-scale,
preventing the “short-circuiting” of causal history.

2.3.3.4 Diagram: Principle of Unique Causality

Visualization of the No-Cloning Rule via Rejection of Redundant Direct Paths

+-----------------------------------------------------------------------+
| PRINCIPLE OF UNIQUE CAUSALITY (PUC) FILTER |
| "Nature does not build two roads to the same house" |
+-----------------------------------------------------------------------+

EXISTING STATE:
Information flows from U to V via W.
Length(Path) = 2.

(W)
/ \

e1 e2
/ \

(U) (V)

PROPOSED UPDATE:
Add direct edge e_new = (U, V).

(W)
/ \

e1 e2
/ \

(U)-------(V)
e_new

ALGORITHMIC CHECK:
1. Query: Is there a path U->...->V of length <= 2?
2. Result: YES (U->W->V exists).
3. Action: REJECT e_new.

STATUS: REDUNDANCY PREVENTED.
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2.3.4 Definition: Lexicographic Potential

Quantification of Topological Complexity via Cycle Ordering

The Lexicographic Potential Φ(𝐺) is defined as the ordered pair (𝐿max, 𝑁𝐿max
), where 𝐿max denotes the

length of the longest Simple Directed Cycle in 𝐺, and 𝑁𝐿max
denotes the cardinality of the set of cycles

with length 𝐿max. The state space is ordered such that Φ(𝐺′) < Φ(𝐺) holds if 𝐿′
max < 𝐿max or if both

𝐿′
max = 𝐿max and 𝑁 ′

𝐿max
< 𝑁𝐿max

.

2.3.4.1 Commentary: Descent to Simplicity

Directionality of Topological Evolution driven by the Thermodynamics of Geometric Ground
States

Physical systems inevitably seek ground states. For the causal graph, the geometry defined by Axiom 2 (a
network composed entirely of 3-cycles) constitutes this topological ground state. Stochastic edge addition
(driven by the Universal Constructor) naturally creates larger and unstable structures: cycles of length 4,
5, or greater. These structures represent “excited states” of the topology: they are geometric defects that
possess higher potential energy (or lower entropy) than the simplicial vacuum.

The Lexicographic Potential provides a measure of the distance between a given graph and this simplicial
ground state. It prioritizes the magnitude of the anomaly (𝐿max) over the multiplicity of anomalies (𝑁𝐿). A
graph containing a single 5-cycle possesses a higher potential than a graph containing multiple 4-cycles;
reflecting the greater deviation from the ideal geometry. This hierarchy dictates the direction of time
evolution. Dynamical rules must strictly decrease this potential; guaranteeing an inexorable evolution toward
the simplicial limit. This mechanism ensures that complex and non-local tangles of causality are transient;
naturally decaying into the stable and triangulated fabric of spacetime.

2.3.5 Lemma: Well-Foundedness

Termination of Strictly Decreasing Topological Processes

Let Φ(𝐺) denote the Lexicographic Potential of a finite graph 𝐺 under Lexicographic Potential . Then the
codomain of Φ is well-ordered, and any trajectory 𝐺0, 𝐺1, … satisfying the descent condition Φ(𝐺𝑡+1) < Φ(𝐺𝑡)
constitutes a finite sequence.

2.3.5.1 Proof: Well-Foundedness

Verification of the Descent Property due to the Finiteness of Graph Configurations

I. State Space Properties

Let 𝐺 be a graph with finite vertex count |𝑉 | = 𝑁 < ∞. Let 𝒞 denote the set of all simple cycles in 𝐺. The
number of possible cycles is bounded by the combinatorial limit:

|𝒞| ≤
𝑁

∑
𝑘=1

(𝑁
𝑘 )(𝑘 − 1)! < ∞

II. The Potential Function

Let Φ(𝐺) = (𝐿max, 𝑁𝐿max
) map to the domain ℕ × ℕ under the lexicographical order.

1. Length Bound: 𝐿max ∈ {0, … , 𝑁}.
2. Count Bound: 𝑁𝐿max

is finite.

III. Descent Analysis
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Let a dynamical operation produce a sequence of states 𝐺0, 𝐺1, … satisfying Φ(𝐺𝑖+1) < Φ(𝐺𝑖). The domain
is a finite subset of the well-ordered set ℕ × ℕ. It follows that no infinite strictly decreasing sequence exists.

∄ {𝜙𝑖}∞
𝑖=0 such that ∀𝑖, 𝜙𝑖+1 < 𝜙𝑖

IV. Conclusion

Any dynamical rule that strictly decreases the Lexicographic Potential Φ terminates in a finite number of
steps. The cycle reduction process is guaranteed to halt.

Q.E.D.

2.3.Z Implications and Synthesis

Axiom 2: Geometric Constructibility

The universe constructs its geometry exclusively through the closure of 3-cycles, establishing the triangle as
the fundamental quantum of spatial area. This positive constraint forces the graph to tessellate into discrete,
manageable units, while the negative constraint of unique causality prevents the formation of redundant
connections that would collapse the local metric. Together, these rules ensure that space emerges as a
sparse, triangulated manifold rather than a dense, dimensionless tangle.

This establishes a discrete granularity to spacetime, replacing the smooth continuum with a constructed
lattice of definite relations. It resolves the problem of scale by defining the “pixel” of reality, ensuring that
distance and area have precise, quantized meanings derived from the graph topology. The prohibition of
redundant paths enforces a principle of economy, preventing the system from wasting computational resources
on duplicate histories and ensuring that every causal route is distinct and meaningful.

By mandating that geometry be built from indivisible triangular quanta, we ensure that the vacuum pos-
sesses a stable, intrinsic dimensionality that resists collapse into singularity. This quantization prevents
the ultraviolet catastrophes associated with continuous fields by imposing a hard limit on the information
density of any local region. The universe is not a bottomless well of detail but a finite assembly of distinct
geometric acts, establishing a rigid floor to physics where the infinite divisibility of space ceases to be a valid
concept.

2.4 Decomposition
The local assembly of geometry inevitably produces topological defects in the form of macro-cycles which
threaten to destroy the locality of the vacuum by creating shortcuts that bypass the metric structure. Per-
mitting large loops to persist allows the graph to develop non-local wormholes connecting distant regions
and destroys the neighborhood structure essential for a physical vacuum. These macroscopic cycles act as
topological defects that create shortcuts through the fabric of spacetime and undermine the definition of dis-
tance by allowing influence to propagate instantaneously across vast regions. We must treat these structures
not as features but as errors in the fabric of spacetime that must be corrected.

A universe populated by unchecked macro-cycles lacks coherent dimensionality because influence bypasses
the intervening space to link disparate events directly and collapses the spatial separation between objects.
This topological sprawl undermines the stability of the manifold and prevents the graph from settling into a
recognizable metric space or supporting localized fields. The graph resembles a small-world network rather
than a physical lattice without a mechanism to suppress these non-local connections and renders the speed
of light effectively infinite. A universe without locality is a universe without distinct objects, as everything
would be causally connected to everything else instantly.
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We identify a decomposition process that acts as a topological restorative force by systematically breaking
down complex polygons into their constituent 3-cycles through the insertion of chords. This mechanism
utilizes the triangulation of void spaces to digest geometric anomalies and return the system to its ground
state of simplicial purity. The process acts as a topological surface tension that ensures any complex structure
is transient and inevitably decays into the simplicial foundation that defines the ground state of our geometry
to maintain a consistent dimensionality. This guarantees that the vacuum remains flat and uniform on large
scales, digesting topological anomalies before they can disrupt the global order.

2.4.1 Theorem: General Cycle Decomposition

Finite Decomposition of General Cycles via the Alternating Application of Chordal Addition
and Entropic Deletion

We formally prove that for any graph state 𝐺 containing a Simple Directed Cycle of length 𝐿max ≥ 4,
there exists a finite, computable sequence of admissible operations, specifically Chordal Addition followed
by Entropic Deletion, that transforms 𝐺 into a state 𝐺′ where all cycles have length 𝐿 ≤ 3. This de-
composition sequence guarantees the strict monotonic reduction of the Lexicographic Potential Φ(𝐺) under
Lexicographic Potential .

2.4.1.1 Commentary: Argument Outline

Structure of the General Cycle Decomposition Argument via Deadlock Avoidance, Target
Existence, Topological Ratcheting, and Finite Synthesis

The proof proceeds by Direct Construction, defining a finite sequence of constructive triangulation operations
that systematically decompose higher-order cycles into stable geometric quanta.

1. Confluence of the Constructor : The argument establishes confluence for local rewrites, proving
that overlapping repairs do not block one another and ensuring that the reduction process avoids frozen
states.

2. Chordlessness of Maximal Cycles : The argument establishes chordlessness, proving that any
maximal cycle maintains a hollow topology that exposes its internal vertices to triangulation.

3. Reduction via Deletion : The argument proves that the deletion mechanism operates strictly mono-
tonically, preventing the system from reconstructing higher-complexity cycles once reduced.

4. General Cycle Decomposition : The argument combines the confluence, chordlessness, and mono-
tonicity guarantees, proving that any state containing a cycle of length four or greater admits a valid
sequence of transitions that terminates at a stable quantum geometry.

2.4.1.2 Diagram: Digestion of Geometry

Visualization of Topological Digestion via the Reduction of a 4-Cycle to Geometric Quanta

(Reducing Potential L=4 -> L=3)
===============================

STEP 1: The Unstable "Square"
(A loop too large for the quantum vacuum)

B <--------- C
^ ^
| |
| |
A ---------> D

STEP 2: The Chord Insertion (Rewrite Rule)
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(Identifying a compliant 2-path A->D->C)

B <--------- C
^ / ^
| / |
| / |
A --->D |
\ |

\ |
------> D

STEP 3: The Entropic Split
(The chord A->C forms two 3-cycles: A-B-C and A-C-D)

Result: Max cycle length drops from 4 to 3.
Geometric Constructibility is restored.

2.4.2 Lemma: Confluence of the Constructor

Local Confluence of Overlapping Rewrite Operations

Let ℛ denote the rewrite rule governing edge addition applied to a state 𝐺 containing two distinct, overlapping
compliant 2-Paths 𝑃1 and 𝑃2, satisfying 2-Path . Then the application of ℛ to 𝑃1 maintains the compliance
of 𝑃2, and the resulting state is invariant with respect to the temporal order of application (𝐺1,2 ≡ 𝐺2,1),
establishing the global consistency of the decomposition.

2.4.2.1 Proof: Diamond Property

Formal Verification of Commutativity in Overlapping Updates

I. Initial State with Overlap

Let 𝐺 = (𝑉 , 𝐸) denote a graph containing two compliant 2-paths sharing a common edge (𝑤, 𝑢). 1. 𝑃1 =
(𝑣, 𝑤, 𝑢) targeting the chord 𝑒1 = (𝑢, 𝑣). 2. 𝑃2 = (𝑤, 𝑢, 𝑥) targeting the chord 𝑒2 = (𝑥, 𝑤).
II. Branch A Derivation

The transition 𝐺
𝑃1−→ 𝐺𝐴 yields the edge set 𝐸𝐴 = 𝐸 ∪ {(𝑢, 𝑣)}. Check 𝑃2 Validity in 𝐺𝐴: The required

edges (𝑤, 𝑢) and (𝑢, 𝑥) persist in 𝐸𝐴. The Uniqueness Constraint requires the absence of a path 𝑤 → … → 𝑥
of length ≤ 2 utilizing the new edge (𝑢, 𝑣). Since (𝑢, 𝑣) originates at 𝑢 and terminates at 𝑣, a contribution to
the target path necessitates a connection 𝑣 → 𝑥. The case 𝑣 = 𝑥 implies that 𝑃2 forms a cycle, a configuration
excluded by compliance. It follows that no such path exists, and 𝑃2 remains valid. The subsequent operation
ℛ(𝑃2) yields:

𝐸𝐴𝐵 = 𝐸 ∪ {(𝑢, 𝑣), (𝑥, 𝑤)}

III. Branch B Derivation

The transition 𝐺
𝑃2−→ 𝐺𝐵 yields the edge set 𝐸𝐵 = 𝐸 ∪ {(𝑥, 𝑤)}. Check 𝑃1 Validity in 𝐺𝐵: Symmetric

analysis establishes that the addition of (𝑥, 𝑤) does not invalidate 𝑃1. The operation ℛ(𝑃1) yields:

𝐸𝐵𝐴 = 𝐸 ∪ {(𝑥, 𝑤), (𝑢, 𝑣)}

IV. Convergence

Comparison of the final edge sets reveals identity due to the commutativity of set union:

𝐸𝐴𝐵 = 𝐸 ∪ {𝑒1, 𝑒2} = 𝐸 ∪ {𝑒2, 𝑒1} = 𝐸𝐵𝐴
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We conclude that the order of operations does not affect the final state.

Q.E.D.

2.4.3 Lemma: Chordlessness of Maximal Cycles

Topological Chordlessness of Maximal Cycles

Let 𝐶 denote a Simple Directed Cycle within 𝐺 possessing the maximal length 𝐿 = 𝐿max ≥ 4. Then 𝐶
constitutes a strictly Chordless cycle, satisfying the condition that no edges exist between non-adjacent
vertices.

2.4.3.1 Proof: Chordlessness of Maximal Cycles

Derivation of Chordlessness via Contradiction of the Lexicographic Maximality Premise

I. The Maximality Hypothesis

Let 𝐶 = (𝑣0, … , 𝑣𝐿−1) denote a simple cycle of length 𝐿. Assume 𝐿 represents the global maximum cycle
length in 𝐺.

𝐿 = 𝐿max

II. The Chord Assumption

Assume the existence of a chord 𝑒 = (𝑣𝑖, 𝑣𝑘) where 𝑣𝑖, 𝑣𝑘 ∈ 𝐶 correspond to non-adjacent vertices. The
indices satisfy the separation condition:

|𝑖 − 𝑘| > 1 (mod 𝐿)

III. Topological Partition

The chord 𝑒 partitions the cycle 𝐶 into two sub-cycles:

1. Cycle 𝐶1: Composed of the path along 𝐶 from 𝑣𝑘 to 𝑣𝑖 and the chord (𝑣𝑖, 𝑣𝑘).

𝐿1 = dist𝐶(𝑣𝑘, 𝑣𝑖) + 1

2. Cycle 𝐶2: Composed of the path along 𝐶 from 𝑣𝑖 to 𝑣𝑘 and the chord (𝑣𝑖, 𝑣𝑘).

𝐿2 = dist𝐶(𝑣𝑖, 𝑣𝑘) + 1

IV. Inequality Derivation

The total length 𝐿 corresponds to the sum of the distances along the original arc.

𝐿 = dist𝐶(𝑣𝑘, 𝑣𝑖) + dist𝐶(𝑣𝑖, 𝑣𝑘)

The non-adjacency condition implies strictly positive distances between vertices on the arc.

dist𝐶(𝑣𝑘, 𝑣𝑖) ≥ 1 ⟹ 𝐿2 < 𝐿

dist𝐶(𝑣𝑖, 𝑣𝑘) ≥ 1 ⟹ 𝐿1 < 𝐿

V. Contradiction
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The presence of the chord identifies 𝐶 as a composite structure formed by the union of 𝐶1 and 𝐶2. It follows
that the elementary cycles contributing to the potential Φ(𝐺) are 𝐶1 and 𝐶2. The maximum length in this
subgraph evaluates to max(𝐿1, 𝐿2) < 𝐿. This contradicts the premise that a simple cycle of length 𝐿 exists
as a component fundamental . We conclude that a maximal simple cycle must be chordless.

Q.E.D.

2.4.4 Lemma: Reduction via Deletion

Strict Descent of the Lexicographic Potential under Edge Deletion

Let 𝑒 denote an edge belonging to a simple cycle 𝐶 of maximal length within a graph 𝐺 characterized by
the Lexicographic Potential Φ(𝐺) defined by Lexicographic Potential . Then the deletion of 𝑒 yields a
graph 𝐺′ satisfying the strict descent condition Φ(𝐺′) < Φ(𝐺).

2.4.4.1 Proof: Reduction via Deletion

Demonstration of Order Descent via Path Set Reduction

I. Initial State Definition

Let 𝐺 = (𝑉 , 𝐸) denote a graph with lexicographic potential Φ(𝐺) = (𝐿max, 𝑁𝐿max
). Let 𝐶 denote a simple

cycle of length 𝐿max, and let 𝑒 ∈ 𝐶 denote a specific edge within this cycle.

II. The Deletion Operation

Let 𝐺′ denote the graph resulting from the operation 𝐸′ = 𝐸 ∖ {𝑒}.
III. Connectivity Analysis

The deletion of the edge 𝑒 strictly reduces the set of valid paths. Any cycle 𝐶𝑛𝑒𝑤 existing in 𝐺′ necessitates
that all constitutive edges belong to 𝐸′. The subset relation 𝐸′ ⊂ 𝐸 implies that any such cycle pre-existed
in 𝐺. It follows that no new cycles emerge from the deletion operation.

𝒞(𝐺′) ⊆ 𝒞(𝐺) ∖ {𝐶}

IV. Recalculation of Potential

The potential Φ(𝐺′) = (𝐿′
max, 𝑁 ′

𝐿max
) evaluates under two cases based on the survival of other maximal

cycles.

1. Case A (Survival): If the set of cycles of length 𝐿max remains non-empty, the length parameter is
invariant (𝐿′

max = 𝐿max). The count parameter decreases by the number of maximal cycles containing
𝑒, ensuring 𝑁 ′

𝐿max
< 𝑁𝐿max

.
2. Case B (Extinction): If 𝐶 was the sole remaining cycle of length 𝐿max, the maximum cycle length

decreases. This yields 𝐿′
max < 𝐿max.

V. Conclusion

Both cases satisfy the criteria for lexicographic descent. We conclude that the deletion of a maximal-cycle
edge guarantees strict potential reduction.

Φ(𝐺′) < Φ(𝐺)

Q.E.D.
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2.4.5 Lemma: Decrease in Parallel Updates

Net Reduction of Topological Complexity under Composite Updates

Let 𝒮𝑠𝑡𝑒𝑝 = 𝒪𝑑𝑒𝑙 ∘ 𝒪𝑎𝑑𝑑 denote a composite update step comprising edge addition and subsequent deletion.
Then the operation satisfies the strict descent condition for the Lexicographic Potential, Φ(𝐺𝑛𝑒𝑥𝑡) < Φ(𝐺).

2.4.5.1 Proof: Decrease in Parallel Updates

Verification of Net Descent across the Two-Phase Update Cycle

I. Phase 1: Chordal Addition

Let 𝐺 → 𝐺𝑎𝑑𝑑 denote the addition of chords to all compliant 2-paths within maximal cycles.

1. Site Availability: Maximal cycles satisfy Chordlessness of Maximal Cycles , ensuring the exis-
tence of valid 2-paths.

2. Structure Decomposition: The addition of chords partitions maximal cycles into 3-cycles and
smaller loops.

3. Cycle Bounding: The Principle of Unique Causality (PUC) restricts additions to sites lacking
short paths. The creation of a cycle 𝐿𝑛𝑒𝑤 > 𝐿max requires a pre-existing path of length > 𝐿max − 1
connecting vertices at distance 2. This implies a prior path violation.

4. Result: The maximum cycle length satisfies the non-increasing condition.

Φ(𝐺𝑎𝑑𝑑) ≤ Φ(𝐺)

II. Phase 2: Entropic Deletion

Let 𝐺𝑎𝑑𝑑 → 𝐺𝑛𝑒𝑥𝑡 denote the removal of edges from the original maximal cycles.

1. Operation: Edges participating in the original cycle 𝐶 undergo deletion.
2. Potential Drop: Edge removal strictly reduces the Lexicographic Potential under Reduction via

Deletion .
Φ(𝐺𝑛𝑒𝑥𝑡) < Φ(𝐺𝑎𝑑𝑑)

III. Synthesis

The composition of operations yields a strict inequality:

Φ(𝐺𝑛𝑒𝑥𝑡) < Φ(𝐺)

We conclude that the update step enforces monotonic descent in the topological complexity metric.

Q.E.D.

2.4.6 Proof: General Cycle Decomposition

Formal Proof of General Cycle Decomposition via Synthesis of Confluence and Potential Re-
duction

I. Initial Conditions

Let the universe exist in state 𝐺0 with potential Φ(𝐺0) = (𝐿, 𝑁𝐿) satisfying 𝐿 ≥ 4.
II. Operational Accessibility

1. Site Existence: Cycles of length 𝐿 possess chordless topology . This guarantees the presence of
compliant 2-paths susceptible to the rewrite rule ℛ.

2. Operational Set: The set of valid operations is non-empty.

|𝒪𝑎𝑑𝑑| ≥ 1
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III. Consistency and Reduction

1. Confluence: The parallel application of operations proceeds without conflict , yielding state 𝐺𝑎𝑑𝑑.
2. Net Descent: The subsequent deletion phase produces state 𝐺1 satisfying Φ(𝐺1) < Φ(𝐺0) as estab-

lished by Decrease in Parallel Updates .

IV. Iterative Termination

1. Sequence Construction: The dynamics generate a sequence of potentials Φ(𝐺0) > Φ(𝐺1) > ….
2. Well-Foundedness: The lexicographic order on finite graphs constitutes a proven well-founded in-

variant with no infinite descending chains .
3. Limit: The sequence must terminate at a state 𝐺𝑚𝑖𝑛.

V. Final State Topology

Termination occurs when no cycle 𝐿 ≥ 4 exists to trigger the reduction mechanism.

𝐿max(𝐺𝑚𝑖𝑛) ≤ 3

The graph converges to a union of Geometric Quanta (3-cycles) and acyclic paths.

Q.E.D.

2.4.7 Example: 4-Cycle Reduction

Algorithmic Verification of 4-Cycle Reduction via Iterative Chordal Decomposition

I. Initial State Definition

Let 𝐺0 = (𝑉 , 𝐸0) denote an isolated directed cycle of length 𝐿 = 4. * Vertices: 𝑉 = {0, 1, 2, 3} * Edges:
𝐸0 = {(0, 1), (1, 2), (2, 3), (3, 0)} * Topological Metrics: 𝐿max = 4, Potential Φ(𝐺0) = (4, 1).
II. Phase 1: Chordal Addition (𝑘 = 4)

The rewrite rule ℛ identifies all compliant 2-paths. 1. Site Identification: * 𝜋1 = (0, 1, 2) ⟹ Add chord
(2, 0) * 𝜋2 = (1, 2, 3) ⟹ Add chord (3, 1) * 𝜋3 = (2, 3, 0) ⟹ Add chord (0, 2) * 𝜋4 = (3, 0, 1) ⟹ Add
chord (1, 3) 2. Operational Execution:

𝐸𝑎𝑑𝑑 = 𝐸0 ∪ {(2, 0), (3, 1), (0, 2), (1, 3)}

Total Additions: 4

III. Phase 2: Entropic Deletion

1. Cycle Detection: The original cycle (0, 1, 2, 3) persists.
2. Target Selection: The algorithm selects edge 𝑒 = (0, 1).
3. Operational Execution:

𝐸𝑓𝑖𝑛𝑎𝑙 = 𝐸𝑎𝑑𝑑 ∖ {(0, 1)}
Total Deletions: 1

IV. Final State Analysis

• Topological Check:
– Removing (0, 1) breaks the 4-cycle.
– Connectivity resolves to 3-cycles.
– Cycle A: (2, 3, 0, 2) via edges (2, 3), (3, 0), chord (0, 2).
– Cycle B: (1, 2, 3, 1) via edges (1, 2), (2, 3), chord (3, 1).

• Result: 𝐿max = 3. Total reduction steps = 5.
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2.4.8 Example: 5-Cycle Reduction

Algorithmic Verification of 5-Cycle Reduction demonstrating Iterative Decomposition

I. Initial State Definition

Let 𝐺0 consist of a directed cycle of length 𝐿 = 5. * Vertices: 𝑉 = {0, 1, 2, 3, 4} * Edges: 𝐸0 =
{(0, 1), (1, 2), (2, 3), (3, 4), (4, 0)} * Metrics: 𝐿max = 5.
II. Phase 1: Chordal Addition (𝑘 = 5)

1. Site Identification:
• (0, 1, 2) → (2, 0)
• (1, 2, 3) → (3, 1)
• (2, 3, 4) → (4, 2)
• (3, 4, 0) → (0, 3)
• (4, 0, 1) → (1, 4)

2. Operational Execution:

𝐸𝑎𝑑𝑑 = 𝐸0 ∪ {(2, 0), (3, 1), (4, 2), (0, 3), (1, 4)}

Total Additions: 5

III. Phase 2: Entropic Deletion

1. Iteration 1:
• Detect: Cycle (0, 1, 2, 3, 4). Length 5.
• Delete: Edge (0, 1).
• State: 𝐸1 = 𝐸𝑎𝑑𝑑 ∖ {(0, 1)}.

2. Iteration 2:
• Detect: Cycle (1, 4, 2, 3, 1).

– Path components: (1, 4) [Chord], (4, 2) [Chord], (2, 3) [Perimeter], (3, 1) [Chord].
– Length: 4.

• Delete: Edge (1, 4).
• State: 𝐸2 = 𝐸1 ∖ {(1, 4)}.

3. Iteration 3:
• Detect: Cycle (2, 0, 3, 4, 2).

– Path components: (2, 0) [Chord], (0, 3) [Chord], (3, 4) [Perimeter], (4, 2) [Chord].
– Length: 4.

• Delete: Edge (2, 0).
• State: 𝐸3 = 𝐸2 ∖ {(2, 0)}.
• Total Deletions: 3.

IV. Final State Analysis

• Result: No cycles of length > 3 remain. Remaining structure consists of 3-cycles such as (1, 2, 3) via
chord (3, 1). Total reduction steps = 8.

2.4.9 Example: 6-Cycle Reduction

Algorithmic Verification of 6-Cycle Reduction highlighting Operational Confluence

I. Initial State Definition

Let 𝐺0 consist of a directed cycle of length 𝐿 = 6. * Vertices: 𝑉 = {0, 1, 2, 3, 4, 5} * Edges: 𝐸0 =
{(0, 1), (1, 2), (2, 3), (3, 4), (4, 5), (5, 0)}
II. Phase 1: Chordal Addition (𝑘 = 6)
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1. Site Identification: Six compliant sites: (0, 1, 2) → (2, 0), (1, 2, 3) → (3, 1), (2, 3, 4) → (4, 2),
(3, 4, 5) → (5, 3), (4, 5, 0) → (0, 4), (5, 0, 1) → (1, 5).

2. Operational Execution:

𝐸𝑎𝑑𝑑 = 𝐸0 ∪ {(2, 0), (3, 1), (4, 2), (5, 3), (0, 4), (1, 5)}

Total Additions: 6

III. Phase 2: Entropic Deletion

1. Iteration 1:
• Detect: Cycle (0, 1, 2, 3, 4, 5). Length 6.
• Delete: Edge (0, 1).
• State: 𝐸1 = 𝐸𝑎𝑑𝑑 ∖ {(0, 1)}.

2. Iteration 2:
• Detect: Cycle (1, 2, 0, 3, 1).

– Path components: (1, 2) [Perimeter], (2, 0) [Chord], (0, 3) [Chord from 3 → 4 → 0], (3, 1)
[Chord].

– Length: 4.
• Delete: Edge (1, 2).
• State: 𝐸2 = 𝐸1 ∖ {(1, 2)}.
• Total Deletions: 2.

IV. Final State Analysis

• Result: The graph stabilizes. All remaining cycles satisfy 𝐿 ≤ 3.
– Example: (2, 3, 4, 2) via chord (4, 2).
– Example: (3, 4, 5, 3) via chord (5, 3).
– Example: (1, 5, 3, 1) via chords (1, 5), (5, 3), (3, 1).

• Total Steps: 6 Add + 2 Del = 8.

2.4.10 Calculation: Simulation Verification

Simulation Verification of the Cycle Reduction Algorithm via Deterministic Execution

Verification of the finite termination condition established in the preceding proof is based on the following
protocols:

1. Defect Initialization: The algorithm constructs isolated directed cycles of length 𝑘 ∈ [4, 12] to serve
as standardized topological defects. This mapping represents the initialization of unstable macroscopic
loops within the vacuum.

2. Topological Reduction: The protocol simulates a maximally parallel update by instantiating chords
across open 2-paths and subsequently prunes macro-cycles (𝐿 > 3) via entropic deletion to resolve
topological tension.

3. Operation Counting: The metric tracks the total additions and deletions required for the system to
reach the simplicial ground state (𝐿max = 3).

import networkx as nx
import pandas as pd
import math

def create_directed_cycle(k):
"""Creates a simple directed $k$-cycle graph: the initial topological defect."""
G = nx.DiGraph()
nodes = list(range(k))
for i in range(k):

G.add_edge(nodes[i], nodes[(i + 1) % k])
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return G

def get_max_cycle_len(G):
"""Returns the length of the longest simple cycle, or 0 if acyclic."""
try:

cycles = list(nx.simple_cycles(G))
if not cycles:

return 0
return max(len(c) for c in cycles)

except nx.NetworkXNoCycle:
return 0

def find_compliant_2_paths(G):
"""
Identifies all open 2-paths (v->w->u) that satisfy the
Principle of Unique Causality (PUC) for chord addition.
This is the recognition phase of the rewrite rule.
"""
paths = []
for v in G.nodes():

for w in G.successors(v):
for u in G.successors(w):

if u == v:
continue # Prevent trivial loops

# Constraint 1: Direct chord must not exist
if G.has_edge(v, u):

continue

# Constraint 2: No parallel 2-path (PUC)
redundant = False
for x in G.successors(v):

if x != w and G.has_edge(x, u):
redundant = True
break

if not redundant:
paths.append((v, w, u))

return paths

def phase_1_add_chords(G):
"""Phase 1: Exhaustive chord insertion on all compliant sites (parallel update)."""
paths = find_compliant_2_paths(G) # Collect all sites first, simulating parallel application
ops = 0
for v, w, u in paths:

if not G.has_edge(u, v): # Direction: close with (u -> v)
G.add_edge(u, v)
ops += 1

return ops

def phase_2_delete_cycles(G):
"""Phase 2: Entropic deletion: break remaining macro-cycles by removing perimeter edges."""
ops = 0
while True:

max_len = get_max_cycle_len(G)
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if max_len <= 3:
break

# Find and break one macro-cycle
target_cycle = None
for c in nx.simple_cycles(G):

if len(c) > 3:
target_cycle = c
break

if target_cycle:
# Delete the first edge of the detected cycle: thermodynamic pruning
u, v = target_cycle[0], target_cycle[1]
if G.has_edge(u, v):

G.remove_edge(u, v)
ops += 1

else:
break

return ops

def run_reduction_protocol(k):
"""Full reduction protocol for a single $k$-cycle, returning (add_ops, del_ops)."""
if k <= 3:

return 0, 0

G = create_directed_cycle(k)
add_ops = phase_1_add_chords(G)
del_ops = phase_2_delete_cycles(G)

return add_ops, del_ops

# === Execution and Verification ===
results = []
for k in range(4, 13):

adds, dels = run_reduction_protocol(k)
results.append({

"Cycle Length (k)": k,
"Add Ops": adds,
"Del Ops": dels,
"Total Steps": adds + dels

})

df = pd.DataFrame(results)
print(df.to_markdown(index=False))

Simulation Results:

Cycle Length (k) Add Ops Del Ops Total Steps
4 4 1 5
5 5 3 8
6 6 2 8
7 7 3 10
8 8 3 11
9 9 3 12
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Cycle Length (k) Add Ops Del Ops Total Steps
10 10 3 13
11 11 3 14
12 12 3 15

The tabulated data establishes a linear correlation between the initial cycle length 𝑘 and the addition count
(𝑂𝑝𝑠𝑎𝑑𝑑 = 𝑘). The deletion count stabilizes at a constant value (𝑂𝑝𝑠𝑑𝑒𝑙 = 3) for all topologies with 𝑘 ≥ 7.
This finite scaling confirms that the algorithmic reduction complexity is proportional to the defect size 𝑂(𝑘),
validating the termination logic of the proof.

2.4.11 Type-Theoretic Validation via Lean 4 Core

General Cycle Decomposition

-- Establish the implicit event universe variable
variable {V : Type}

-- Define a Causal Relation as a binary predicate mapping pairs to a Proposition
def CausalRelation (V : Type) := V -> V -> Prop

-- Directed 3-cycle template (IsGeometricQuantum)
def IsGeometricQuantum (R : CausalRelation V) (u v w : V) : Prop :=

R u v ? R v w ? R w u

-- Principle of Unique Causality (PUC) (IsCompliant2Path)
def IsCompliant2Path (R : CausalRelation V) (u w v : V) : Prop :=

R u w ? R w v ? ? R u v ? (? z : V, R u z ? R z v -> z = w)

/--
THEOREM: Lexicographic Potential Relation is Well-Founded
Formally establishes that Prod.Lex on Nat x Nat is well-founded,
guaranteeing the existence of no infinite descending chains.
-/
theorem lexicographic_relation_wf :

WellFounded (Prod.Lex (fun (a b : Nat) => a < b) (fun (a b : Nat) => a < b)) :=
(inferInstance : WellFoundedRelation (Nat x Nat)).wf

/--
THEOREM: Lexicographic Descent is Admissible
Proves that any update step reducing either the maximum cycle length
or its multiplicity transitions the state space along a strictly decreasing chain.
-/
theorem lexicographic_descent_admissible :

? (L1 N1 L2 N2 : Nat),
(L2 < L1 ? (L2 = L1 ? N2 < N1)) ->
Prod.Lex (fun (a b : Nat) => a < b) (fun (a b : Nat) => a < b) (L2, N2) (L1, N1) := by

intro L1 N1 L2 N2 h
cases h with
| inl h_left =>

exact Prod.Lex.left N2 N1 h_left
| inr h_right_and =>

cases h_right_and with
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| intro h_eq h_right =>
subst h_eq
exact Prod.Lex.right _ h_right

2.4.12 Commentary: Arrow of Simplicity

Dynamical Restoration of the Quantum via the Mechanism of Topological Digestion

The Theorem of General Cycle Decomposition guarantees that the “Geometric Quantum” (the 3-cycle)
functions as a global attractor within the state space of the universe. One might envision a dynamical
system where fluctuations are permitted to cascade without restriction, generating structures of arbitrary
and unbounded complexity such as squares, pentagons, or vast and tangled loops of causal influence. However,
the fundamental laws of physics we have outlined act as a restorative force, a form of topological surface
tension that resists the indefinite expansion of local complexity.

Consider the precise physical mechanism at play here. The Rewrite Rule functions as the agent of recogni-
tion: it scans the substrate for the specific geometric defect of a “hole” larger than the fundamental quantum.
When such a defect is identified, the Principle of Unique Causality (PUC) functions as a precise dis-
criminator. It constrains the repair mechanism by forbidding the duplication of existing short-range paths
(cloning a specific history), yet crucially permits the shortcutting of long-range paths (triangulation). A
critical distinction must be made to avoid logical deadlock: the PUC validates the site of the operation (en-
suring the 2-path being bridged is unique) rather than blocking the closure based on the defect’s perimeter.
While a 4-cycle implies a perimeter path of length 2 between opposing vertices, this path belongs to the
defect, not the quantum. The insertion of the chord does not “clone” this perimeter history: it supersedes
it. The chord creates a strictly tighter topological metric (𝐿 = 1 versus 𝐿 = 2), thereby establishing a new,
distinct logical object, the Geometric Quantum, rather than a redundant copy of the macro-history.

Finally, the Thermodynamic Deletion operates as a ratchet. It is insufficient to merely cut a large cycle
into smaller pieces: one must ensure that the pieces do not spontaneously recombine into the higher-energy
configuration. The entropy of the system favors the lower-energy state of the simplicial complex over the high-
tension state of the macro-cycle. We may analyze this process through the biological analogy of “digestion”
(though the implications are strictly physical). When the universe encounters a large and complex topological
bolus (such as a 4-cycle), it cannot assimilate this structure directly into the fabric of spacetime. Instead,
it attacks the structure with “enzymes” in the form of chords: these are new edges that triangulate the
interior of the loop. This effectively breaks the complex structure down into its constituent and digestible
units: the triangles. Once the topology has been reduced to these quanta, the structure stabilizes. This
mechanism ensures that macroscopic space (although constructed from discrete and potentially chaotic
relations) maintains a consistent microscopic granularity. It prevents the fabric of spacetime from unraveling
into arbitrary non-local threads, enforcing the locality that makes physics possible. Without this digestive
process, the universe would not be a manifold: it would be a non-local tangle where the concept of distance
loses all meaning.

This indicates that the topological stress generated by a macro-cycle is localizable, and the system does
not need to unravel the entire structure to restore equilibrium but can instead break it down into stable
3-cycle quanta through a finite sequence of operations. This confirms that the vacuum acts as a robust filter,
efficiently processing complex non-local loops into the fundamental simplex geometry of the background
manifold.

2.4.Z Implications and Synthesis

Decomposition

The topological restorative force of decomposition actively digests complex macro-cycles, breaking them
down into stable 3-cycle quanta through the insertion of chords. This mechanism acts as a universal solvent
for geometric anomalies, ensuring that any structure attempting to bypass the metric by forming a large
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loop is systematically reduced to the ground state. The process is driven by a strict monotonic descent in
lexicographic potential, guaranteeing that the system always evolves toward simplicity and local coherence.

This reveals the vacuum as a self-healing medium that actively suppresses non-local connections, enforcing
the principle of locality by destroying shortcuts. It transforms the graph from a passive record of events into
an active dynamical system that polices its own topology, preventing the emergence of wormholes that would
violate the causal order. This constant “digestion” of complexity maintains the flatness and uniformity of
spacetime on large scales, ensuring that the laws of physics remain consistent across the universe.

The inevitability of this decomposition ensures that complex topology is transient, forcing the universe to
settle into a stable, triangulated manifold that supports coherent physical laws. It acts as a thermodynamic
filter that purges the graph of non-local entanglements, ensuring that the macroscopic structure of space is
an emergent property of microscopic order. Complex geometries are not forbidden, but they are dynamically
unstable, decaying rapidly into the simplicial foam that constitutes the vacuum, thereby protecting the
causal structure from being overwhelmed by long-range paradoxes.

2.5 Independence
We must pause to verify that our foundational rules are distinct pillars of the theory rather than redundant
restatements of a single underlying principle to ensure the logical parsimony of our framework. It is necessary
to prove that a system can enforce directed links without automatically compelling triangular geometry and
that the existence of closed quanta does not presuppose the directionality of the arrows. We are searching
for the logical orthogonality of our axioms to ensure that each one carves out a specific and unique aspect of
the physical reality we are constructing. If our axioms were interdependent, we would risk building a theory
on circular logic rather than fundamental principles.

A theory carrying excess conceptual baggage fails to identify the true atomic elements of the physics if
the axioms are not logically orthogonal and indicates a failure to isolate the independent variables of the
system. Relying on interdependent rules obscures the specific role each constraint plays in shaping reality
and leaves a confused map of the dependencies between time and space and causality. A theory built on
circular assumptions cannot stand because we must demonstrate that each rule brings something unique
and necessary to the table to define the universe completely. We must be certain that we are not simply
renaming the same constraint in different ways.

We achieve this by constructing explicit countermodels where one axiom holds firmly while the other is
flagrantly breached to demonstrate the separability of these physical concepts. A directed square obeys
causality yet lacks geometry while a reflexive triangle possesses area yet fails time-ordering which proves the
concepts are distinct. These examples serve as logical proofs of independence that validate our choice of
axioms as the irreducible basis for a directed geometry and confirm we have isolated the origins of time and
space. This analysis confirms that we have successfully decomposed the universe into its prime constituent
rules.

2.5.1 Theorem: Independence of Axioms 1 and 2

Establishment of Logical Orthogonality between Causal and Geometric Primitives via Mutual
Non-Entailment

The Directed Causal Link and the Geometric Constructibility are formally independent constraints.
The satisfaction of the conditions of Axiom 1 does not logically entail the satisfaction of Axiom 2, nor does
the satisfaction of Axiom 2 entail Axiom 1. The validity of this independence is established by the existence
of specific graph models that satisfy one axiom while violating the other.
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2.5.1.1 Commentary: Argument Outline

Structure of the Independence of Axioms Argument via Causal Satisfaction, Geometric Satis-
faction, and Mutual Non-Entailment

The proof proceeds by Direct Construction, establishing logical orthogonality between the causal and geo-
metric primitives by instantiating explicit counter-models.

1. Independence Case A : The argument constructs a sparse, directed four-cycle model that satisfies
the causal primitive but violates geometric constructibility, demonstrating that causal directionality
does not entail geometric quantization.

2. Independence Case B : The argument constructs a disjoint union of a three-cycle and a self-loop
that satisfies geometric constructibility but violates the causal primitive, demonstrating that geometric
structure does not entail causal consistency.

3. Mutual Independence : The argument synthesizes these two orthogonal counter-models, proving
that neither primitive can be derived from or reduced to the other.

2.5.1.2 Diagram: Independence Matrix

Logical Independence Matrix contrasting Axiom Satisfaction across Orthogonal Countermod-
els

------------------------------------------
We demonstrate independence by constructing two universe models
where one axiom fails while the other holds.

| MODEL | STRUCTURE | AXIOM 1 | AXIOM 2 |
| | | (Causal) | (Geometric) |
|------------|---------------------------|--------------|--------------|
| CASE A | A 4-cycle with | SATISFIED | VIOLATED |
| | no chords. | (No loops, | (Contains |
| | (A->B->C->D->A) | Directed) | unreduced |
| | | | L=4 cycle) |
|------------|---------------------------|--------------|--------------|
| CASE B | A 3-cycle disjoint | VIOLATED | SATISFIED |
| | from a self-loop. | (Contains | (Geometry |
| | ({A->B->C->A} U {X->X}) | reflexive | exists as |
| | | X->X) | 3-cycle) |
|------------|---------------------------|--------------|--------------|

2.5.2 Lemma: Independence Case A

Existence of Causal Validity amidst Geometric Non-Constructibility

Let 𝐺𝐴 denote a chordless directed cycle of length 4. Then this structure satisfies the Irreflexivity and Asym-
metry of The Directed Causal Link , yet constitutes an irreducible configuration violating Geometric
Constructibility .

2.5.2.1 Proof: Independence Case A

Formal Verification of the Chordless 4-Cycle Model against Axiomatic Criteria

I. Model Construction

Let 𝐺𝐴 = (𝑉 , 𝐸) denote a graph forming a single connected directed cycle of length four, defined by the
vertex set 𝑉 = {𝐴, 𝐵, 𝐶, 𝐷} and the edge set 𝐸 = {(𝐴, 𝐵), (𝐵, 𝐶), (𝐶, 𝐷), (𝐷, 𝐴)}. The topology strictly
excludes internal chords:

31



𝐸 ∩ {(𝐴, 𝐶), (𝐵, 𝐷)} = ∅

II. Verification of The Directed Causal Link (Axiom 1)

Inspection of the edge set 𝐸 reveals no reflexive edges.

∀𝑣 ∈ 𝑉 , (𝑣, 𝑣) ∉ 𝐸

Furthermore, inspection reveals no reciprocal pairs.

(𝐴, 𝐵) ∈ 𝐸 ⟹ (𝐵, 𝐴) ∉ 𝐸

III. Verification of Geometric Constructibility (Axiom 2)

Axiom 2 requires that valid geometry emerges exclusively from the closure of minimal directed 3-cycles under
Geometric Constructibility . The graph 𝐺𝐴 contains a cycle of length 4. The absence of chords precludes
the decomposition of this cycle into constituent 3-cycles.

𝐿𝑚𝑖𝑛(𝐺𝐴) = 4 > 3

The structure persists as an irreducible unit exceeding the geometric quantum.

𝐺𝐴 ∉ Ω𝑔𝑒𝑜

IV. Conclusion

The model 𝐺𝐴 satisfies Causal Validity while violating Geometric Constructibility. We conclude that Axiom
1 does not entail Axiom 2.

𝐴𝑥1 ⇏ 𝐴𝑥2

Q.E.D.

2.5.3 Lemma: Independence Case B

Existence of Geometric Constructibility amidst Causal Invalidity

Let 𝐺𝐵 denote the graph formed by the disjoint union of a simple directed 3-cycle and an isolated vertex
possessing a self-loop. Then this structure satisfies the criteria of Geometric Constructibility , yet
constitutes a configuration excluded by the Irreflexivity constraint of The Directed Causal Link .

2.5.3.1 Proof: Independence Case B

Formal Verification of the Disjoint Reflexive Model against Axiomatic Criteria

I. Model Construction

Let 𝐺𝐵 comprise the union of two disjoint subgraphs 𝐶1 and 𝐶2.

1. Subgraph 𝐶1: A valid 3-cycle on vertices {𝐴, 𝐵, 𝐶} with edge set:

𝐸1 = {(𝐴, 𝐵), (𝐵, 𝐶), (𝐶, 𝐴)}
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2. Subgraph 𝐶2: An isolated vertex 𝑋 with edge set:

𝐸2 = {(𝑋, 𝑋)}

The composite graph is defined as 𝐺𝐵 = 𝐶1 ∪ 𝐶2.

II. Verification of The Directed Causal Link (Axiom 1)

The Directed Causal Link imposes a universal prohibition on self-reference. .

∀𝑢 ∈ 𝑉 , (𝑢, 𝑢) ∉ 𝐸

The subgraph 𝐶2 contains the reflexive edge (𝑋, 𝑋). This constitutes a direct violation of the irreflexivity
condition.

𝐺𝐵 ∉ Ω𝑐𝑎𝑢𝑠𝑎𝑙

III. Verification of Geometric Constructibility (Axiom 2)

Geometric Constructibility identifies the directed 3-cycle as the basis of spatial assembly. The subgraph 𝐶1
constitutes a valid instance of the geometric quantum.

𝐶1 ∈ Ω𝑔𝑒𝑜

Axiom 2 posits a positive definition for spatial assembly: it does not, in isolation, enforce the removal of
non-geometric causal defects in disjoint sectors. The existence of 𝐶1 satisfies the constructive criteria.

IV. Conclusion

The existence of 𝐺𝐵 demonstrates that Geometric Constructibility does not entail Causal Validity. We
conclude that Axiom 2 does not imply Axiom 1.

𝐴𝑥2 ⇏ 𝐴𝑥1

Q.E.D.

2.5.4 Proof: Mutual Independence

Independence of Axioms 1 and 2 via Orthogonal Counter-Models

I. The Independence Hypothesis Two axiomatic constraints are defined as logically independent if and
only if the satisfaction of one does not logically entail the satisfaction of the other. This independence is
verified through the construction of specific counter-models that selectively violate one axiom while satisfying
the other.

II. The Counter-Model Chain 1. Direction 1 (¬(𝐴𝑥1 ⟹ 𝐴𝑥2)): * Model Construction: Indepen-
dence Case A constructs a graph 𝐺𝐴 consisting of a chordless directed 4-cycle. * Axiomatic Analysis:
The graph 𝐺𝐴 satisfies the Causal Primitive (it contains no self-loops and no reciprocal 2-cycles), yet
it violates Geometric Constructibility (it contains an unreduced cycle of length 𝐿 = 4, exceeding the
quantum limit). * Deduction: Causal validity does not necessitate geometric quantization. 2. Direction 2
(¬(𝐴𝑥2 ⟹ 𝐴𝑥1)): * Model Construction: Independence Case B constructs a graph 𝐺𝐵 consisting of a
disjoint union of a valid 3-cycle and an isolated self-loop (𝐶3 ∪{𝑒𝑙𝑜𝑜𝑝}). * Axiomatic Analysis: The graph 𝐺𝐵
satisfies Geometric Constructibility (the 3-cycle is a valid geometric quantum), yet it violates the Causal
Primitive (the self-loop breaches irreflexivity). * Deduction: Geometric validity does not necessitate global
causal consistency.
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III. Convergence Since neither logical implication holds, it is demonstrated that the axioms operate on
orthogonal structural properties of the graph.

IV. Formal Conclusion The Causal Primitive (Axiom 1) and Geometric Constructibility (Axiom 2) are
mutually independent constraints. Neither axiom can be derived from the other: both are required to fully
specify the physical substrate.

𝐴𝑥1 ⟂ 𝐴𝑥2

Q.E.D.

2.5.Z Implications and Synthesis

Independence

The logical orthogonality of the causal and geometric axioms is confirmed by the existence of specific coun-
termodels that violate one while satisfying the other. This proves that time (directionality) and space
(triangulation) are distinct, irreducible features of the physical substrate, not derived consequences of a sin-
gle underlying rule. The separation of these constraints ensures that the theory is not circular, but rather
built upon a minimal set of necessary and sufficient conditions.

This delineation clarifies the specific role of each axiom: directionality provides the thrust of evolution, while
geometry provides the stage. It prevents the conflation of cause with structure, allowing us to analyze the
universe as a system where temporal progress and spatial extension are independent but interacting degrees
of freedom. This independence guarantees that the resulting physics is rich and non-trivial, arising from the
interplay of distinct legislative forces rather than the unfolding of a single tautology.

By establishing these axioms as distinct pillars, we secure a robust foundation where the failure of one princi-
ple does not collapse the entire theoretical framework, allowing for precise diagnosis of physical pathologies.
This modularity implies that the arrow of time and the fabric of space are not the same entity but are
coupled mechanical systems. The universe requires both the engine of causality and the chassis of geometry
to function, and recognizing their independence allows us to understand how they constrain one another to
produce a consistent physical reality.

2.6 Inadequacy of Local Axioms
A critical realization confronts us when we examine the behavior of extended causal chains because we find
that local rules alone fail to prevent global paradoxes from emerging in the transitive closure of the graph.
Our primitives successfully police individual links yet remain blind to longer paths that bend around to touch
their own origins to create time machines out of mediated influence. We must address the subtle danger that
a sequence of individually valid steps could collectively form a structure that violates the logical consistency
of the whole and creates a conflict between local legality and global causality. This forces us to confront the
limits of reductionism in a system where global topology emerges from local rules.

The system remains vulnerable to transitive snarls where an event indirectly becomes its own ancestor
through a sequence of valid steps if we rely solely on local constraints to govern the evolution. This failure
destroys the partial order of the universe and collapses the distinction between past and future to render the
timeline incoherent and physically impossible. A universe that permits such circular dependencies cannot
support computation or evolution because the state of the system would become undefined and riddled with
logical contradictions that prevent the consistent propagation of information. We cannot allow the local
freedom of the graph to destroy its global consistency.

We address this inadequacy by exposing the specific failure modes of local axioms such as the reflexive loop
in a 3-cycle or the symmetric dependency in a bowtie configuration to diagnose the root of the instability.

34



This diagnosis demonstrates the necessity of a third global constraint to enforce acyclicity across all scales
and ensures that the arrow of time remains consistent not just for immediate neighbors but for the entire
history of the universe. This moves our theory from a description of local interactions to a framework for
global consistency and ensures that the causal order is an invariant property.

2.6.1 Definition: Effective Influence

Definition of the Effective Influence Relation as the Transitive Closure of Strictly Timestamped
Paths

The Effective Influence relation, denoted as 𝑢 ≤ 𝑣, is defined to hold between vertices 𝑢 and 𝑣 if and
only if there exists a Simple Directed Path 𝜋𝑢𝑣 = (𝑣0, 𝑣1, … , 𝑣𝑘) satisfying the following three conditions:
1. Connectivity: The path initiates at 𝑣0 = 𝑢 and terminates at 𝑣𝑘 = 𝑣. 2. Mediation: The path
length is strictly greater than or equal to 2 (𝑘 ≥ 2), distinguishing mediated influence from direct interaction.
3. Sequentiality: The creation timestamps of the constituent edges are strictly increasing, such that
𝐻(𝑣𝑖, 𝑣𝑖+1) < 𝐻(𝑣𝑖+1, 𝑣𝑖+2) for all valid 𝑖, preserving Monotonicity of History .

Technical Note on Cycle Traversal: The definition of ≤ requires 𝜋𝑢𝑣 to be a simple directed path.
Consequently, a vertex sequence containing repeated nodes does not constitute a valid trajectory for the
purposes of establishing effective influence.

2.6.1.1 Commentary: Path Constraints

Justification of Mediation and Sequentiality Constraints via Physical Separation of Ontological
Layers

The constraints imposed upon the effective influence relation (≤) are the necessary conditions that enforce
the physical separation of ontological layers within the theory. We must distinguish between the atomic
events that constitute the machinery of the universe and the historical narrative that emerges from their
interaction.

The Mediation Constraint (ℓ ≥ 2) enforces a critical scale separation. The direct causal link (→) defined
by Axiom 1 represents the irreducible quantum of action: it is the immediate “now” of the rewrite rule
and the spark of change itself. In contrast, effective influence (≤) represents the history of those actions as
they propagate through the network. By requiring ℓ ≥ 2, the definition ensures that ≤ exclusively describes
emergent and multi-step causal pathways. If we were to conflate these two (treating the atomic rewrite as
identical to the historical influence), we would lose the ability to distinguish between the operator and the
operand. This distinction prevents the conflation of atomic adjacency with historical consequence, preserving
the hierarchical structure of the theory.

The Sequentiality Constraint (𝑡𝑖 < 𝑡𝑖+1) acts as the guardian of the causal order against the collapse of
time. In a discrete and computational universe, the concept of “simultaneity” implies logical concurrency,
events that occur within the same processing cycle. If the definition were relaxed to permit non-decreasing
timestamps (𝑡𝑖 ≤ 𝑡𝑖+1), we would face a catastrophic failure of temporal distinctness. A chain of events
𝐴 → 𝐵 → 𝐶 occurring within a single logical tick would collapse into a simultaneous cluster, indistinguishable
from a single complex interaction. By enforcing strictly increasing timestamps, the topological direction of
the path is forced to align with the irreversible flow of logical time 𝑡𝐿. Influence is thereby physically
constrained to flow strictly from the past to the future, which creates a universe where history is cumulative
and the distinction between “before” and “after” is structurally invariant.

2.6.1.2 Commentary: Simultaneity Paradox

Identification of Paradoxes arising from Non-Decreasing Timestamps

To fully appreciate the necessity of strict inequality in our temporal definitions, let us consider the alternative:
a graph state where the constraint is relaxed to allow equality (≤). Let us imagine vertices {𝐴, 𝐵, 𝐶}
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connected by edges 𝐴 → 𝐵 and 𝐵 → 𝐶, where both edges were created at the identical logical time 𝑡1.

Under such a relaxed definition, the path 𝐴 → 𝐵 → 𝐶 would qualify as a valid carrier of influence (𝐴 ≤ 𝐶).
However, because these edges formed simultaneously, there is no inherent temporal ordering between the
events at 𝐵. If a subsequent parallel update at time 𝑡2 were to insert a path from 𝐶 back to 𝐴, the system
would recognize a reciprocal influence 𝐶 ≤ 𝐴 (since 𝑡1 < 𝑡2).

This scenario results in a profound logical contradiction: 𝐴 is the cause of 𝐶, and 𝐶 is the cause of 𝐴,
yet locally no observer sees a violation of simple causality because the loop is closed via a “simultaneous”
shortcut. The system forms a “loop of simultaneity” which functions physically as a Closed Timelike Curve
of zero duration. This is not merely a geometric curiosity: it is a breakdown of the causal structure. By
enforcing strictly increasing timestamps (𝑡1 < 𝑡2 < 𝑡3), the system invalidates the initial simultaneous path
𝐴 → 𝐵 → 𝐶 as a causal carrier. The universe (in effect) refuses to acknowledge instantaneous action at a
distance. This mathematically precludes the formation of such paradoxes, ensuring that every causal chain
has a finite duration and a definite direction.

2.6.2 Theorem: Inadequacy of Local Axioms

Demonstration of Global Inconsistency under Local Axioms due to Transitive Reflexivity and
Symmetry Failures

In a system constrained exclusively by Axioms 1 and 2, the Effective Influence relation ≤ is not guaranteed
to constitute a strict partial order. Specifically, the transitive closure of locally valid structures permits the
emergence of Reflexivity (𝑢 ≤ 𝑢) and Symmetry (𝑢 ≤ 𝑣 ∧ 𝑣 ≤ 𝑢), thereby failing to enforce global causal
consistency.

2.6.2.1 Commentary: Argument Outline

Structure of the Inadequacy of Local Axioms Argument via Local Limit Diagnosis, Reflexive
Loop Exposure, Symmetric Loop Construction, and Global Prophylaxis Necessity

The proof proceeds via Contradiction, assuming that local constraints alone suffice for global consistency to
expose the emergent causal violations that refute this assumption.

1. Strict Timestamps : The argument demonstrates that strictly increasing local timestamps fail to
detect circularity that closes beyond the causal horizon of a single vertex.

2. Failure of Reflexivity : The argument dissects the closed three-cycle under local rules, proving that
transitively closed paths yield a reflexive self-influence that violates causal irreflexivity.

3. Failure of Asymmetry : The argument constructs a symmetric bowtie configuration, proving that
disjoint sub-paths permit mutual influence between distinct vertices despite strictly monotonic local
updates.

4. Inadequacy of Local Axioms : The argument synthesizes these local failures, demonstrating that
local primitives license global causal closures and establishing the logical necessity of a global partial
ordering constraint.

2.6.3 Lemma: Strict Timestamps

Necessity of Strictly Increasing Timestamps for Strict Partial Ordering

Let the effective influence relation ≤ constitute a strict partial order. Then the associated timestamp function
𝐻 satisfies the strict inequality condition 𝐻(𝑣𝑖, 𝑣𝑖+1) < 𝐻(𝑣𝑖+1, 𝑣𝑖+2) for all connected sequences of events.
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2.6.3.1 Proof: Strict Timestamps

Derivation of Strict Inequality from Partial Order Axioms

I. Premise

Let the relation ≤ satisfy the axioms of a strict partial order. The properties of Irreflexivity, Asymmetry,
and Transitivity hold.

II. Hypothesis (Relaxed Equality)

Suppose the timestamp function 𝐻 permits equality for connected events.

𝐻(𝑢, 𝑣) ≤ 𝐻(𝑣, 𝑤) ⟹ ∃(𝑢, 𝑣, 𝑤) such that 𝐻(𝑢, 𝑣) = 𝐻(𝑣, 𝑤)

III. Simultaneity Analysis

The equality condition implies simultaneous edge formation within the same logical tick. Consider the
parallel formation of edges between distinct vertices 𝐴 and 𝐵.

𝐻(𝐴, 𝐵) = 𝑡 ∧ 𝐻(𝐵, 𝐴) = 𝑡

This establishes the mutual relations:

𝐴 ≤ 𝐵 ∧ 𝐵 ≤ 𝐴

Since 𝐴 ≠ 𝐵, this constitutes a violation of the Asymmetry axiom.

IV. Conclusion

The derived contradiction implies the strict inequality condition.

𝐻(𝑣𝑖, 𝑣𝑖+1) < 𝐻(𝑣𝑖+1, 𝑣𝑖+2)

We conclude that strictly increasing timestamps are necessary for the validity of the influence relation.

Q.E.D.

2.6.4 Lemma: Failure of Reflexivity

Violation of Irreflexivity within the Geometric Quantum

Let 𝑣 denote a vertex participating in a Geometric Quantum (Directed 3-Cycle) with strictly increasing
timestamps along the edges. Then the Effective Influence relation satisfies the reflexive condition 𝑣 ≤ 𝑣,
violating the global constraint of Acyclic Effective Causality .

2.6.4.1 Proof: Failure of Reflexivity

Demonstration of Self-Influence via Transitive Analysis

I. Model Construction

Let 𝐺 denote a single directed 3-cycle defined by the vertex set 𝑉 = {𝐴, 𝐵, 𝐶} and the edge set 𝐸 =
{(𝐴, 𝐵), (𝐵, 𝐶), (𝐶, 𝐴)}.
II. History Assignment

Let the timestamp function 𝐻 assign strictly increasing timestamps to the sequence.
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• 𝐻(𝐴, 𝐵) = 𝑡1
• 𝐻(𝐵, 𝐶) = 𝑡2
• 𝐻(𝐶, 𝐴) = 𝑡3

The timestamps satisfy the condition 𝑡1 < 𝑡2 < 𝑡3.

III. Influence Analysis

Evaluate the influence relation for the pair (𝐴, 𝐴).
1. Path Existence: A directed path 𝜋 = (𝐴, 𝐵, 𝐶, 𝐴) exists.

2. Length Constraint: The path length is 𝐿 = 3.

𝐿 ≥ 2

The mediation condition holds.

3. Sequentiality: The timestamp sequence corresponds to (𝑡1, 𝑡2, 𝑡3). The strict ordering 𝑡1 < 𝑡2 < 𝑡3
implies the sequence is strictly increasing.

𝐴
𝑡1−→ 𝐵

𝑡2−→ 𝐶
𝑡3−→ 𝐴

IV. Conclusion

The existence of 𝜋 establishes the relation 𝐴 ≤ 𝐴. We conclude that this self-influence violates the Irreflexivity
axiom required for a strict partial order.

Q.E.D.

2.6.5 Lemma: Failure of Asymmetry

Emergence of Mutual Influence via Disjoint Sub-paths in Higher-Order Cycles

Let 𝐺 denote a directed cycle of length 𝐿 ≥ 4. Then there exists a valid timestamp assignment such that
distinct vertices 𝑢, 𝑣 possess disjoint sub-paths satisfying Monotonicity of History in both directions,
establishing the symmetric effective influence relation 𝑢 ≤ 𝑣 ∧ 𝑣 ≤ 𝑢.

2.6.5.1 Proof: Failure of Asymmetry

Demonstration of Mutual Influence via the Bowtie Configuration

I. Model Construction

Let 𝐺 denote a directed 4-cycle defined by the vertex set 𝑉 = {𝐴, 𝐵, 𝐶, 𝐷} and the edge set
𝐸 = {(𝐴, 𝐵), (𝐵, 𝐶), (𝐶, 𝐷), (𝐷, 𝐴)}.
II. History Assignment

Let the timestamp function 𝐻 assign values to the edge set to construct the “Bowtie” configuration.

• 𝐻(𝐴, 𝐵) = 1
• 𝐻(𝐵, 𝐶) = 4
• 𝐻(𝐶, 𝐷) = 2
• 𝐻(𝐷, 𝐴) = 3

III. Evaluation of Forward Influence

Consider the path 𝜋𝐴𝐶 = (𝐴, 𝐵, 𝐶).
1. Length: The path length is 2.

2 ≥ 2
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2. Timestamps: The sequence is (1, 4).
3. Monotonicity: The strictly increasing condition 1 < 4 holds.
4. Result: The relation 𝐴 ≤ 𝐶 holds.

IV. Evaluation of Reverse Influence

Consider the path 𝜋𝐶𝐴 = (𝐶, 𝐷, 𝐴).
1. Length: The path length is 2.

2 ≥ 2
2. Timestamps: The sequence is (2, 3).
3. Monotonicity: The strictly increasing condition 2 < 3 holds.
4. Result: The relation 𝐶 ≤ 𝐴 holds.

V. Conclusion

The relations 𝐴 ≤ 𝐶 and 𝐶 ≤ 𝐴 hold simultaneously for distinct vertices (𝐴 ≠ 𝐶). We conclude that this
configuration violates the Asymmetry property.

Q.E.D.

2.6.5.2 Diagram: Bowtie Paradox

Visualization of the Effective Influence Paradox illustrating Bidirectional Causality

+-----------------------------------------------------------------------+
| THE BOWTIE PARADOX (Counter-Model) |
| Satisfies Axioms 1 & 2 -> Violates Global Causality |
+-----------------------------------------------------------------------+

LOOP 1 (Left) LOOP 2 (Right)
A -> B -> C (Valid) C -> D -> A (Valid)

t=1 t=2
(A)----->(B) (C)----->(D)
^ | | |
| | | |
| | t=4 | | t=3
| | | |
+-------(C) (A)<------+

ANALYSIS OF PATHS:
1. Path A->B->C: Timestamps (1, 4). Strictly Increasing.

Conclusion: A is an ancestor of C (A <= C).

2. Path C->D->A: Timestamps (2, 3). Strictly Increasing.
Conclusion: C is an ancestor of A (C <= A).

THE CONTRADICTION:
A <= C AND C <= A implies A == C.
But A != C.
Therefore: Effective Influence is NOT a Partial Order.
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2.6.6 Proof: Inadequacy of Local Axioms

Inadequacy of Local Axioms via the Synthesis of Transitive Failures

I. The Local Premise Assume the existence of a causal system constrained exclusively by Axiom 1 (defining
the Local Arrow) and Axiom 2 (defining the Local Geometry). The sufficiency of these axioms is tested by
determining whether the transitive closure of the influence relation ≤ consistently forms a strict partial order.

II. The Failure Chain The analysis identifies specific configurations where local validity permits global
inconsistency:

1. Failure of Reflexivity : Within the local geometry of the 3-cycle, the combination of directed edges
and strictly increasing timestamps necessitates that upon closure of the loop, the relation 𝑣 ≤ 𝑣 is
established. This constitutes a violation of Global Irreflexivity.

2. Failure of Asymmetry : Within a 4-cycle “Bowtie” configuration, the existence of disjoint sub-paths
allows for the simultaneous establishment of 𝑢 ≤ 𝑣 and 𝑣 ≤ 𝑢 with valid timestamps. This constitutes
a violation of Global Asymmetry.

III. Convergence The set of Local Axioms permits the formation of transitive structures that satisfy all
local rules but generate global contradictions regarding the ordering of events.

IV. Formal Conclusion The Local Axioms are insufficient to ensure Global Causal Consistency. An
explicit global constraint, designated as Axiom 3, is required to strictly enforce the Directed Acyclic Graph
(DAG) property on the transitive closure of the influence relation.

𝐴𝑥1 ∧ 𝐴𝑥2 ⇏ DAG

Q.E.D.

2.6.6.1 Corollary: Global Constraint

Necessity of an Explicit Global Constraint required for the Definition of Causal Unidirection-
ality

A physical theory requires a well-defined causal ordering (a “direction of time”). The proven failure of
Axioms 1 and 2 to entail such an order necessitates a third axiom. This axiom must explicitly forbid states
containing causal paradoxes, acting as a global topological constraint.

Q.E.D.

2.6.6.2 Diagram: Antisymmetry Failure

Comparative Visualization of the Failure Modes of Antisymmetry versus Irreflexivity

Comparison of Ordering Constraints on Substrate
---------------------------------------------------------
(A) Asymmetry (B) Antisymmetry (C) Axiom 1 (Irreflexive)

u -> v -> u u -> v -> u u -> u
| | | | |
v v v v v

Violation: YES Violation: ONLY IF Violation: YES
(Mutual Influence) u != v (Explicitly Forbidden)

Result: Result: Result:
Pure Directionality Loophole for u->u Thermodynamic Arrow
(No Cycles) (Permits Inert Loops) (Process Required)
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2.6.Z Implications and Synthesis

Inadequacy of Local Axioms

Local constraints alone fail to prevent global paradoxes, as transitive chains of valid links can curl back to
form closed timelike curves that are invisible to local inspection. This inadequacy reveals that a universe
built solely on neighbor-to-neighbor rules is vulnerable to non-local inconsistencies, where the distinction
between past and future collapses along extended paths. The failure of reflexivity and asymmetry in larger
cycles demonstrates that causality is a global property that cannot be fully captured by local enforcement.

This forces a shift from purely reductionist physics to a holistic view where global consistency imposes
constraints on local actions. It implies that the arrow of time is a coherent global ordering that must be
actively maintained against the natural tendency of the graph to tangle. The realization that local validity
does not imply global sanity necessitates a mechanism that bridges the gap between the micro and the macro,
ensuring that the timeline remains linear and acyclic across all scales.

The persistence of these transitive paradoxes demands the imposition of a third, global axiom to enforce
acyclicity, preventing the universe from creating logical contradictions through the accumulation of local
steps. Without this global check, the local laws of physics would eventually undermine themselves, creating
regions of causality violation that would propagate and destroy the logical consistency of the timeline. The
universe must possess a mechanism to censor these global loops, ensuring that the collective history remains
a coherent narrative rather than a collection of disjointed and contradictory causal loops.

2.7 Global Consistency & Enforcement
The enforcement of global acyclicity presents a computational paradox because a local agent within the graph
cannot instantaneously perceive the topology of the entire universe to prevent the formation of a large loop.
We require a mechanism to enforce acyclicity across the entire graph without resorting to exhaustive global
scans that would require infinite computational energy at every step. It is physically impossible for a local
agent to perceive the global topology instantly yet the consistency of the timeline depends upon preventing
circular paths that may span the entire universe. We are faced with the challenge of imposing a global law
using only local resources.

Relying on post-hoc correction proves thermodynamically untenable because it requires the system to wait
for a paradox to form before expending infinite energy to resolve it. This wait-and-fix approach violates
the finiteness of resources and leaves the universe constantly on the brink of logical collapse and energetic
divergence. A reality that must constantly rewind time to fix its own errors is not a stable physical system
but a failed simulation so we must find a way to prevent these errors from occurring in the first place without
requiring omniscience. The cost of fixing a broken timeline exceeds the energy available in the universe.

We solve this by implementing a preemptive local enforcement mechanism that approximates global consis-
tency through logarithmic-depth probes to filter out potential violations before they manifest. Bounding the
error probability exponentially allows us to design a system that is robust by default and utilizes the ther-
modynamics of the rewrite rule to ensure that the present advances as a coherent wavefront. This statistical
enforcement aligns the computational limits of the graph with the physical requirements of causality and
ensures that the arrow of time is protected by the laws of probability rather than an impossible requirement
for global knowledge.

41



2.7.1 Axiom 3: Acyclic Effective Causality

Imposition of Global Causal Consistency through the Enforcement of a Strict Partial Order

The Effective Influence relation ≤ is axiomatically constrained to form a Strict Partial Order over the
set of vertices 𝑉 . This imposes the following global topological constraints: 1. Global Irreflexivity: For
all 𝑣 ∈ 𝑉 , the relation 𝑣 ≤ 𝑣 is false (¬(𝑣 ≤ 𝑣)). 2. Global Asymmetry: For all pairs 𝑢, 𝑣 ∈ 𝑉 , if 𝑢 ≤ 𝑣,
then the relation 𝑣 ≤ 𝑢 must be false (¬(𝑣 ≤ 𝑢)). Consequently, the transitive closure of the causal history
must form a Directed Acyclic Graph (DAG) with respect to ≤.

2.7.1.1 Commentary: Arrow of Causality

Derivation of Causal Unidirectionality from the Partial Order Constraint

The mathematical requirement that effective influence forms a strict partial order is not a matter of abstract
taxonomy: it is the encoding of the fundamental physical principle of Causal Unidirectionality. When
we assert that the graph must be a partial order, we are asserting that the universe has a distinct grain, a
directionality that cannot be smoothed away by coordinate transformations.

The condition of Irreflexivity (¬(𝑣 ≤ 𝑣)) forbids “closed timelike curves” at the level of individual events.
In a computational universe, this is a prohibition against a process waiting for its own output before it begins.
An event cannot be its own ancestor: it cannot trigger its own execution. This prevents the logical paradoxes
associated with self-creation (the Bootstrap Paradox), ensuring that every event has a lineage that traces
back to a distinct origin.

The condition of Asymmetry (¬(𝑣 ≤ 𝑢) if 𝑢 ≤ 𝑣) extends this prohibition to mutual influence between
distinct entities. If Event 𝐴 influences Event 𝐵, then Event 𝐵 is forever barred from influencing Event 𝐴.
This is the definition of “Past” and “Future.” This constraint segregates the universe into a strict “Past”
(events that influence 𝑣), “Future” (events influenced by 𝑣), and “Elsewhere” (events causally disconnected
from 𝑣). Without this axiom, the distinction between cause and effect would vanish. We would inhabit a
static crystal of relations where dependence runs in circles, and time would effectively cease to flow. The
imposition of asymmetry forces the system out of equilibrium, rendering the “flow” of time physically well-
defined.

2.7.1.2 Commentary: Operational Enforcement

Algorithmic Implementation of the Partial Order Constraint via Local Pre-Check

The following algorithm operationalizes Axiom 3. It functions as a pre-check within the Universal Construc-
tor, filtering proposed edges that would violate the strict partial order.

def pre_check_aec(G, u, v, H_new):
"""
Verifies that adding edge (u, v) at time H_new does not close a
monotonically increasing causal loop.
"""
# 1. Define Local Search Horizon
# The cutoff scales logarithmically (R ~ log N) to approximate global
# consistency within the thermodynamic limit of the local patch.
N = G.number_of_nodes()
cutoff = int(log(N)) + 3 if N > 1 else 1

# 2. Tentative State Construction
# Temporarily add the proposed edge to check its transitive effects.
G.add_edge(u, v, H=H_new)

try:
# 3. Reverse Path Search (v -> ... -> u)
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# Search for any existing path that could complete a cycle back to u.
for path in all_simple_paths(G, v, u, cutoff=cutoff):

# Constraint A: Mediation
# The path must involve at least 2 edges to constitute effective influence.
if len(path) >= 2:

# Constraint B: Monotonicity
# The path must possess strictly increasing timestamps.
if is_path_monotone(G, path):

# Constraint C: Closure Consistency
# The return path must connect causally to the new edge.
last_leg_H = G.edges[path[-2], u]['H']

if last_leg_H < H_new:
return False # PARADOX DETECTED: Reject Update

finally:
# 4. State Rollback
# Ensure the graph remains unmodified regardless of the outcome.
G.remove_edge(u, v)

return True # No paradox found within horizon: Accept Update

def is_path_monotone(G, path):
"""
Verifies if a path sequence exhibits strictly increasing timestamps.
H(p_i, p_{i+1}) < H(p_{i+1}, p_{i+2})
"""
for i in range(len(path)-2):

h1 = G.edges[path[i], path[i+1]]['H']
h2 = G.edges[path[i+1], path[i+2]]['H']
if not (h1 < h2):

return False # Timestamp break found, path is not causal.
return True

2.7.2 Theorem: Thermodynamic Enforcement

Necessity of Preemptive Local Enforcement dictated by the Thermodynamic Impossibility of
Post-Hoc Correction

The maintenance of Acyclic Effective Causality mandates the implementation of a preemptive local
constraint within the Universal Constructor. The post-hoc correction of causal paradoxes is asserted to be
physically impossible in the thermodynamic limit (𝑁 → ∞). This impossibility arises because the energy
required to synchronize the detection and deletion of a non-local cycle across the graph diameter diverges,
violating the bounds of Finite Information Substrate .

2.7.2.1 Commentary: Argument Outline

Structure of the Thermodynamic Enforcement Argument via Horizon Limits, Local Approxi-
mations, and Energetic Divergence

The proof proceeds via Contradiction, assuming that global causal violations can be resolved post-hoc to
demonstrate that the required coordination energy diverges in the thermodynamic limit.
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1. Cycle Diameter Growth : The argument establishes that graph evolution generates system-spanning
cycles that exceed any finite computational radius, proving that local operators remain topologically
blind to global loop closure.

2. Local PUC Approximation : The argument demonstrates that a local check of logarithmic radius is
mathematically sufficient, proving that the probability of a cycle evading detection decays exponentially
with the check radius.

3. Thermodynamic Enforcement : The argument proves that post-hoc deletion of global cycles re-
quires signal synchronization across the graph diameter, demonstrating that the required energy di-
verges for infinite networks and establishing the necessity of preemptive local enforcement.

2.7.3 Lemma: Cycle Diameter Growth

Divergence of Cycle Diameters beyond Finite Computational Radii

Let the graph evolve under the rewrite rule ℛ. Then the length of the longest simple cycle 𝐿max diverges
as a function of logical time, and for any finite computational radius 𝑅 there exists a critical time 𝑡𝑐𝑟𝑖𝑡 such
that 𝐿max > 2𝑅 holds and local operators bounded by radius 𝑅 are topologically blind to the closure of
global cycles.

2.7.3.1 Proof: Cycle Diameter Growth

Derivation of Trans-Local Cycle Expansion via Random Graph Dynamics

I. Micro-Dynamics

The rewrite rule ℛ acts as the engine of geometrogenesis, injecting 3-cycles into the topology. This increases
the edge density 𝜌 of the graph over logical time.

II. Macro-State Evolution

As density 𝜌 rises, the system approaches the percolation threshold. Random Graph Theory dictates that
near this threshold, the probability of forming system-spanning structures increases non-linearly.

𝑃(𝐿max > 𝑅) → 1 as 𝑁 → ∞

III. The Horizon Limit

Let a local computational patch be defined by a finite radius 𝑅. The dynamics inevitably generate cycles
with length 𝐿max satisfying:

𝐿max ≫ 𝑅

IV. Blindness

A local operator bounded by 𝑅 cannot perceive the closure of a cycle with diameter 𝐷 > 𝑅. To the local
operator, the path segment appears as an open geodesic.

V. Conclusion

Local dynamics generate trans-local structures invisible to local error-correction. Post-hoc correction of
paradoxes is topologically impossible for a local agent.

Q.E.D.
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2.7.3.2 Commentary: Blindness of Locality

Identification of the Horizon Problem within Graph Dynamics

We encounter here the “Horizon Problem” in the specific context of discrete graph dynamics. This refers to
the fundamental inability of a local observer (or a local physical law) to perceive global curvature or topology.
This phenomenon is deeply rooted in the statistical mechanics of random graphs as described by (Erdos &
Renyi, 1960) and further elaborated by (Bollobas, 2001). As the graph evolves and edge density increases,
the system undergoes a phase transition (percolation) where the size of connected components and cycle
lengths diverges. In this regime, the global topology (such as a large cycle) scales faster than any fixed local
neighborhood radius 𝑅.

Consider the analogy of an observer standing on the surface of a massive sphere: locally the ground appears
perfectly flat. The observer requires measurements from a vast distance to detect the curvature. Similarly,
a local rewrite rule operating on a specific node sees a long cycle simply as a straight line extending into the
horizon. If the rule ℛ is restricted to look only 𝑅 steps away, it cannot distinguish between an infinite linear
chain and a closed circle of circumference 100𝑅. If the system relied on detecting the geometry of the loop
to stop paradoxes, it would inevitably fail, as the loop closes beyond the “vision” of the local operator. This
limitation underscores why the enforcement mechanism must rely on Unique Causality (preventing the
cloning of information locally) and Monotonicity (checking timestamps locally), rather than attempting to
measure the global topology directly. We cannot police the universe by looking at the whole thing at once:
we must design local laws that make global violations impossible by their very nature.

2.7.3.3 Diagram: Horizon Problem

Visualization of the Enforcement of Paradox Prevention via Post-hoc correction

+-----------------------------------------------------------------------+
| THE HORIZON PROBLEM (Blindness) |
+-----------------------------------------------------------------------+

Global Cycle (Length L = 100)
...............................................

.' '.
.' '.

. .
. .

. .
. [ R ] .
. (Local Scope) .
. .-----. .
| / \ |
| Edge U->V | (O) | Edge X->Y |
| (Input) | Observer| (Output) |
| \ / |
| '-----' |
. .
. To the Local Observer (O), the lines extend to .
. infinity. O cannot know that Input connects to .
. Output 50 steps away. .
. .
. .
'. .'

'. .'
'...............................................'
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CONCLUSION:
Post-hoc correction requires infinite information velocity.
Paradoxes must be prevented locally before they close globally.

2.7.4 Lemma: Local PUC Approximation

Exponential Suppression of Global Paradoxes under Local Search Constraints

Let 𝑃𝑒𝑟𝑟(𝑅) denote the probability that a paradox-inducing cycle of length 𝐿 > 𝑅 evades detection by a
local search of radius 𝑅 in the sparse graph regime. Then this probability satisfies the exponential decay
bound 𝑃𝑒𝑟𝑟(𝑅) < 𝑒−𝑅, and a search depth scaling as 𝑅 ∼ ln𝑁 constitutes a sufficient condition to suppress
the probability of global paradox formation below any arbitrary fixed threshold.

2.7.4.1 Proof: Local PUC Approximation

Derivation of the Error Probability Bound via Sparse Graph Analysis

I. Premise

Let the causal graph operate in the sparse regime where the edge density satisfies 𝜌 ≪ 1.
II. Path Extension Probability

The probability of a specific path extending for length 𝐿 without termination is proportional to the density
raised to the power of the length.

𝑃𝑒𝑥𝑡(𝐿) ∝ 𝜌𝐿

III. Loop Closure Probability

The probability of a path closing back on its origin to form a cycle involves the selection of a specific vertex
from 𝑁 candidates.

𝑃𝑐𝑙𝑜𝑠𝑒(𝐿) ∝ 1
𝑁 𝜌𝐿

IV. Cumulative Error

The total probability of an undetected cycle existing beyond the check radius 𝑅 corresponds to the sum over
all lengths greater than 𝑅.

𝑃𝑒𝑟𝑟 =
∞

∑
𝐿=𝑅+1

𝐶 𝜌𝐿

𝑁 ≈ 𝐶
𝑁

𝜌𝑅+1

1 − 𝜌

V. Exponential Decay

The condition 𝜌 < 1 implies that the term 𝜌𝑅 decays exponentially with 𝑅. The assignment 𝑅 ∼ ln𝑁 yields
a probability bounded by a polynomial in 1/𝑁 .

𝑃𝑒𝑟𝑟 ≤ 𝒪(𝑁−𝑘)

VI. Conclusion

The local check provides an approximation fidelity that approaches unity in the thermodynamic limit.

Q.E.D.
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2.7.4.2 Commentary: Cost of Certainty

Role of Probabilistic Determinism within the Thermodynamic Limit

Local PUC Approximation introduces a crucial philosophical and physical nuance: the enforcement of
Axiom 3 is probabilistic (not absolute) in the limit of infinite size. However, the probability of error is
exponentially suppressed, which aligns this theory with the foundations of statistical mechanics as formalized
by (van Kampen, 1992). In his treatment of stochastic processes, van Kampen demonstrates how macroscopic
deterministic laws (like the diffusion equation) emerge from microscopic probabilistic jumps (the master
equation) simply through the law of large numbers.

This mirrors the statistical laws of thermodynamics perfectly. It is theoretically possible for all the air
molecules in a room to spontaneously congregate in one corner, suffocating the occupants. The equations
of motion do not strictly forbid it. Yet the probability scales as 𝑒−𝑁 , which for macroscopic 𝑁 is so
infinitesimally low that we treat the uniform distribution of air as a physical law. Similarly, the “Local
PUC Approximation” ensures that while the Universal Constructor only checks locally, the probability of a
global paradox slipping through is effectively zero. Physics does not require absolute mathematical certainty
(which is often a chimera in infinite systems): it requires thermodynamic certainty. We accept a probability
of failure of 10−100 as equivalent to impossibility, allowing us to build a deterministic macroscopic reality on
a foundation of microscopic probabilities.

2.7.5 Proof: Thermodynamic Enforcement

Thermodynamic Enforcement via Demonstration of Energy Divergence

I. Hypothesis

Assume the system permits the formation of a global symmetric influence loop (Paradox) and corrects it at
time 𝑡 + 1.
II. Information Requirement

Unique correction (e.g., deleting the “latest” edge) requires identifying the edge with the maximal timestamp
within the loop.

𝑒𝑡𝑎𝑟𝑔𝑒𝑡 = argmax
𝑒∈𝐶

𝐻(𝑒)

III. Non-Locality

By the cycle diameter growth lemma , the loop length 𝐿 exceeds the local horizon 𝑅. The timestamp
information is distributed across 𝐿/𝑅 spacelike-separated patches.

IV. Synchronization Cost

Comparing timestamps across these patches requires signal traversal. The time required is proportional to
the diameter 𝐷 ∝ 𝐿. Correction at 𝑡 + 1 implies instantaneous (superluminal) coordination across 𝐷.

V. Energy Divergence

In the thermodynamic limit (𝑁 → ∞, 𝐷 → ∞), the energy required to synchronize this state approaches
infinity.

𝐸𝑠𝑦𝑛𝑐 → ∞

VI. Conclusion

Post-hoc correction violates the finite-energy constraint. Enforcement must occur via the local pre-check,
which requires only finite energy.

Q.E.D.
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2.7.5.1 Commentary: Thermodynamic Wall

Impossibility of Correction in the Thermodynamic Limit due to Signal Propagation Constraints

This proof establishes a hard physical boundary condition for the theory, which we may term the “Thermo-
dynamic Wall.” It asserts a fundamental asymmetry: Prevention is possible: correction is not.

Let us consider a universe that operated on a principle of “forgiveness”, allowing a paradox to form with
the intention of deleting it later. Once a causal loop closes, the information defining that loop is distributed
across the entire circumference of the structure. To “fix” it, an agent would need to identify the paradoxical
nature of the loop by comparing timestamps at opposite ends simultaneously. In the thermodynamic limit
(where the graph size 𝑁 → ∞), these loops can span the entire diameter of the universe.

Synchronizing a correction across this distance would require a signal to propagate faster than the growth of
the graph itself: effectively, it would require infinite information velocity or infinite free energy to synchronize
the deletion across spacelike intervals. This violates the limits of physical resources. Because the universe
cannot pay the infinite energy cost to “rewind” and fix a broken timeline, it must prevent the break from
occurring in the first place via the local pre-check. The laws of physics must be preventative because the
cost of cure is infinite.

2.7.6 Theorem: Independence of Axiom 3

Logical Independence of the Global Acyclicity Requirement

Let Σ = {𝐴𝑥1, 𝐴𝑥2} denote the set of local axioms consisting of The Directed Causal Link and Geo-
metric Constructibility . Then the timestamped 4-cycle defined by Failure of Asymmetry constitutes
a valid graph under Σ while violating the Global Acyclicity condition of Axiom 3. Therefore, Axiom 3
constitutes a logically independent constraint not derivable from the local primitives.

2.7.6.1 Proof: Independence of Axiom 3

Verification of Independence via the Timestamped 4-Cycle Countermodel

I. Model Construction

Let 𝐺 denote a directed 4-cycle defined by the vertex set 𝑉 = {𝐴, 𝐵, 𝐶, 𝐷} and the edge set
𝐸 = {(𝐴, 𝐵), (𝐵, 𝐶), (𝐶, 𝐷), (𝐷, 𝐴)}.
II. History Assignment

Let the timestamp function 𝐻 assign the non-sequential “Bowtie” values to the edge set:

• 𝐻(𝐴, 𝐵) = 1
• 𝐻(𝐵, 𝐶) = 4
• 𝐻(𝐶, 𝐷) = 2
• 𝐻(𝐷, 𝐴) = 3

III. Verification of Local Axioms

The graph satisfies the Irreflexivity and Asymmetry conditions for all individual edges, complying with
Axiom 1. The 4-cycle does not violate the constructive definition of Axiom 2, which governs formation
rather than existence.

IV. Verification of Global Acyclicity (Axiom 3)

Consider the effective influence relations derived from the timestamp sequence.

1. Forward Path: The path 𝐴 → 𝐵 → 𝐶 corresponds to timestamps (1, 4). The condition 1 < 4
establishes the relation 𝐴 ≤ 𝐶.
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2. Reverse Path: The path 𝐶 → 𝐷 → 𝐴 corresponds to timestamps (2, 3). The condition 2 < 3
establishes the relation 𝐶 ≤ 𝐴.

3. Conflict: The simultaneous validity of 𝐴 ≤ 𝐶 and 𝐶 ≤ 𝐴 for distinct vertices constitutes a symmetric
dependency. This violates the strict partial order required by Axiom 3.

V. Conclusion

A model exists that satisfies Axioms 1 and 2 but violates Axiom 3. We conclude that Axiom 3 is logically
independent.

Q.E.D.

2.7.6.2 Commentary: Tripartite Foundation

Establishment of the Three Pillars via the Separation of Direction, Structure, and Consistency

Independence of Axiom 3 serves as the capstone of the axiomatic chapter, confirming that the theory
requires a “Tripartite” foundation where no single pillar is redundant. We may view these axioms as the
three legs of a stool upon which physical reality rests.

1. Axiom 1 gives the universe Direction (Time). It ensures that arrows point somewhere, meaning
there is a distinction between forward and backward.

2. Axiom 2 gives the universe Structure (Space). It provides the constructive logic for building geometry
out of those directed links.

3. Axiom 3 gives the universe Consistency (Logic).

It is possible (as our independence proofs demonstrate) to have a universe with Direction and Structure
that nonetheless makes no sense: a reality where effects precede causes via complex and non-local loops. By
proving the independence of Axiom 3, we demonstrate that Consistency is not a free byproduct of Time and
Space: it is an active constraint that must be legislated into the foundations of physics.

2.7.Z Implications and Synthesis

Axiom 3: Global Consistency and Enforcement

Global causal consistency is enforced through a preemptive local mechanism that approximates global knowl-
edge via logarithmic-depth probes. Because post-hoc correction of paradoxes would require infinite energy
to synchronize across the universe, the system must filter out violations before they occur. This statistical
enforcement bounds the probability of error exponentially, aligning the computational limits of the local
agent with the physical requirement for a consistent history.

This establishes the “Thermodynamic Wall,” a fundamental asymmetry where prevention is possible but
correction is physically prohibited by the speed of information. It redefines physical laws as probabilistic
filters that operate with near-certainty in the thermodynamic limit, rather than absolute mathematical
decrees. This mechanism ensures that the universe remains a Directed Acyclic Graph, preserving the sanctity
of the causal order without requiring an omniscient observer to police the timeline.

By embedding global consistency into local interaction rules, we guarantee that the arrow of time emerges
robustly, protecting the universe from causal paradoxes through the sheer statistical weight of its own
geometry. This resolves the tension between locality and global order by utilizing the finite correlation
length of the graph to censor paradoxes. The stability of the timeline is not a given but a dynamically
maintained state, secured by the continuous expenditure of computational resources to verify the logical
consistency of the future before it becomes the past.

49



2.8 Formal Synthesis
End of Chapter 2

The three axioms forge the substrate’s unyielding frame, erecting a rigid skeleton upon which the fabric
of reality can be braided. The Causal Primitive acts as a ratchet, directing influence without reversal
and sharpening the arrow of time. Geometric Constructibility mandates the tiling of the vacuum with
3-cycle quanta, ensuring space is woven from fundamental areas. Finally, Acyclic Effective Causality
projects these local rules into a global order, preventing the universe from trapping itself in the paradox of
closed loops.

This triad delimits the boundaries of the possible. Our countermodels prove that each axiom serves as
a unique load-bearing pillar of the theory, independent and necessary. Furthermore, the mechanism of
Decomposition ensures that complex tangles dissolve into simplices, enforcing an inexorable drive toward
geometric simplicity. Physically, the graph now accretes as a directed lattice, where every cycle resolves to
a quantum of area and every edge preserves the integrity of history.

But a set of rules is not a universe: laws require a jurisdiction. Possessing the constraints but lacking
the initial state, the investigation must now determine the specific configuration of the graph at 𝑡 = 0 that
satisfies these strictures while maximizing potential. This leads us to Chapter 3, where the unique topology
of the vacuum is derived.
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